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The Abelian Higgs model and the Georgi-Glashow model in two and three Euclidean dimensions, respec-
tively, support both finite-size instantons and sphalerons. The instantons are the familiar Nielsen-Oleson
vortices and the 't Hooft-Polyakov monopole solutions, respectively. We have constructed the sphaleron
solutions and calculated the Chern-Simons chayggs for sphalerons of both models and have constructed
two types of noncontractible loops between topologically distinct vacua. In the three-dimensional model, the
sphaleron and the vacua have a zero magnetic and electric flux while the configurations on the loops have a
nonvanishing magnetic fluxS0556-282(199)02922-1

PACS numbgs): 11.15.Kc, 11.10.Kk, 11.15.Tk

[. INTRODUCTION theory being of one type or the other are thought to be po-
tentially important.

In the semiclassical treatment of quantum field theories, There has been some exploratory work done in this direc-
instantons[1-3] play the important role of providing the tion, in the context of the (% 1)-dimensional scale-breaking
tunneling between topologically inequivalent vacua in an esO(3) sigma model8] which does not support finite-size
sentially nonperturbative framework. Instantons are classicahstantons and its Skyrmed versif@] which does so. The
solutions to the Euler-Lagrange equations with Euclidearstudy of the periodic instantons in these two models from
time, from which comes the tunneling interpretation. An-this viewpoint was carried out in Refsl0,11], respectively.
other, closely related mechanism for vacuum to vacuum tran- In view of the above, it is interesting to construct and
sitions but now at nonzero temperature is provided by thestudy models that can support bdtistantonsand sphale-
(Euclidean static solutions of the field equations called rons as a first step before studying tperiodic instantons
sphalerong4]. In contrast with instantons, sphalerons areinterpolating them. Our aim in this paper is to do just this,
unstable solutions and provide a classical rather than quaifer a class ofd-dimensionalS(d)-Higgs models in which
tum (tunneling transition over the energy barrier separatingthe Higgs field is al-component vector of th8 O(d), for the
the two vaccua. In this context it is very useful to considertwo cases ofl=2 andd=3. What distinguishes such mod-
another class of classical solutions, which are periodic irels is that their instantons result in curvature field strengths
(Euclidean time, with the period being identified with the that exhibitinverse squardehavior. This property contrasts
inverse of the temperature. These are the periodic instantowgith the pure-gauge behavior of the arbitrary-scale Yang-
as defined in Ref.6]. Thus at zero temperature the period of Mills (YM) instantons[1] and can result in far-reaching
the periodic instanton becomes infinite, rendering it nonperi{physica) consequences. In tlie=3 case, it leads to a dilute
odic, which can be identified as the instanton itself. Coulomb gas of instantons, as shown by Polyak&long

Now a given field theoretic model supporting sphaleronsago, while the corresponding instantonsdr4 share this
[4,5] and hence also periodic instantdisg may or may not  property[12] and can possibly also enable the construction
support an(zero-temperature or infinite peripthstanton. In  of a dilute Coulomb gafl13]. This is our physical justifica-
the case where a finite-size instanton exists, it can be arrivetibn for making a systematic study of theSs&(d)-Higgs
at as the period of the periodic instanton tends to infinity. Inmodels, and we concentrate on tthe 2,3 cases here. Thus
the case, however, where no finite-size instanton exists, theoth models under consideration here are the familiar ones,
situation is more complicated and the so-called constrainedamely, the Abelian Higgs model id=2 and the Georgi-
instantons[7] must be employed. The consequences of a&Glashow model ind=3.

The instantons in these two {1)- and
(2+1)-dimensional models are the well-known topologi-

*Email address: kleihaus@stokes1.thphys.may.ie cally stable Nielsen-Olesen vortic¢$4| and the 't Hooft-
"Email address: tigran@thphys.may.ie Polyakov monopole$15], respectively. It is therefore the
*Email address: zimmers@thphys.may.ie sphaleron solutions to these models that are the remaining
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entities to be studied. In this connection, it is true that the The SO(2) Abelian Higgs model ird=2 spacetime di-
sphalerons of the Abelian Higgs model were studied extenmensions is given by the Euclidean Lagrange density
sively long agd 16,17, but we repeat it here for the sake of
completeness so that both cases2 andd=3 are treated
similarly and because the presentation of the results in the
literature can be refined. In particular we clarify the situation
with respect to the question of periodic boundary conditionsvith ¢=¢*+i¢?, D,e=d,¢+iA, ¢; ie., we used the
in the spacelike coordinate used in the literafti®,17.. The  identity SO(2)=U(1) to write the Higgs doublep' as one
sphaleron in thedl=3 case has been studied recerjtlp].  complex field.

We have carried out the analysis of the sphaleron solutions Adding the inequalities

in both models employing both the noncontractible loop

1 1 A
—_F2 . = 2,00 0 1 12y2
L=7F2, 45D e+ 21022 @

2
(NCL) used by Mantorj4] for the Weinberg-Salam model, B @6 (1-|¢ld| =0, |D,e—ie,,D,¢/?=0
to which we refer in this paper as tlggometricloop con- mwye4 THY ¢ e n? prov®@I= 5
struction, as well as the finite-energy path method of Akiba (2

et al.[25], to which we refer aboundaryloop construction. )
In the study of the sphaleron solutions, a central role ighe cross terms of the squares yield a lower bound for the

Weinberg-Salam model is calculated from the second Cherr0und; i.e.,0 can be written as a total divergence,
Pontryagin(CP) density. In thed-dimensional Higgs models

we consider, the natural candidate for the latter is the dimen- 0=3,0
sionally reducing CP density of the YM field of® a

x S*~4 where 4>d [19]. The d-dimensional model is . . . .
W P [19] ! I ® it No=1. Q, is the Chern-Simons form of this model. It

decided byp such that the action density is bounded from . .
below by dimensionally reducing the CP density in questionCONSISts Of & gauge-dependent and a gauge-independent part

The simplest such model corresponds to the case where 4 which ?5 a typical _feature 080(d)-Higgs theories in even
the smallest number greater thdnBoth the Abelian Higgs SPacetime dimensiorjd.9]. . .

model and the Georgi-Glashow models considered in this 1€ topological lower boundvhich can be generalized to
work are the simplest models whose CP densities are arrivebp” 1) ensures the stability of the instantons of the model,
at by the corresponding dimensional descent of sbeond the Abelian Higgs vortex, which can be found using the ra-

1 :
o QM:Z€MV(AV+IQD*DM(,D), (©)

CP density of thesU(2) YM field. dially symmetric ansatz
The analysis of the Abelian Higgs system in two dimen- a(r)—N
sions is presented in Sec. Il. In Secs. Il A and Il C, respec- e=h(r)e N’ A#:—ewiw (4)
r

tively, the geometricand boundaryloop constructions are
presented, while in Sec. 1IB a discussion of our construc- . 2 2. 2 2. 2 . .
tions is contrasted with what is usually given in the Iiterature,Wlth F=Xp X ="+ x5 and Integrating the Euler-
and the differences are commented on Lagrange equations of the resulting radial subsystem La-

The analysis of the Georgi-Glashow model in three g-grangran:
mensions is presented in Sec. lll. In Sec. Il A theundary 22
Ipop. construction_is presented. _Tgeometridoop construp- o= —a’2+r| h'2+ a
tion is presented in Sec. Il B. Since the sphaleron solution of r2
this model turns out to be effectively the solution of an Abe- o _ _
lian Higgs model, a family of arbitrary vorticiti sphalerons  The corresponding instanton solutions are self-dual provided
are constructed in Sec. Il B. Section IlIC is devoted to ako=1; then they saturate the inequalify=4,(), and hence
brief discussion of the magnetic and electric properties ofire characterized by integer Chern-Simons num(zéso
this sphaleron and the configurations on the geometric loopzalled Chern-Pontryagin charge in the context of instanton
In Sec. IV, we give a summary of our results. physicg

Ao
+ E(1—h2)2} . (5

2 (= o 2 )
NCS:;f_xdtf_de&MQM:;ﬁﬁzai’“ﬂl"d X
Il. d=2: SPHALERONS IN THE ABELIAN HIGGS
MODEL 2
L o =—Iimf Q,ds,. (6)
Our objective in this section is to construct noncontract- T 00d S
ible loops between two topologically neighboring vacua
which feature the sphaleron at the top of the energy barriefThis can be arrived at by subjecting the second Chern-
Our constructions run exactly parallel to those of Marféh  Pontryagin class of th&U(2) YM field on R?X S? to di-
and Akiba et al. [25], respectively. This differs from the mensional desceni9].

analysis of Bochkarev and Shaposhnikid6] in that the The Chern-Simons number depends only on the behavior
latter employ periodicity in the space variable to constructof the instanton at infinity, reflecting the topological proper-
the NCL. ties of the mapping:
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QDiofwstiSipaceume—)Snlﬂggs- 7) higher space dimensipns. To construct a ge?metrical NCL
[4], we introduce a single loop parametee S, as an
In contrast with the instanton, the sphaleron issdtic’ additional degree of freedom such that
object; i.e., it does not depend on the Euclidean time. None-
theless, it is arfEuclideanspacetime object closely related to @ 180 0p— Shiiggs (12
the instanton as it is the extremum of the energy functional . o ) .
of a set of static configurations connecting distinct vacua in 45 @ topologically nontrivial mapping which we choose to be
topologically nontrivial way, i.e., anoncontractible loop too, 2ir (13)
The NCL, parametrized in terms of Euclidean time, is an ¢ TE
instaqtonlike object and the Ioop_ as a whole has_integer t%herea&f“zl is chosen to be topologically trivial. The
pological number. The Chern-Simons numbs is also  fnjte energy condition then also fixes the gauge field at in-

parametrized in terms of the Euclidean time, finity as the covariant space derivative in Eg) has to van-
2 o - ish; hence,
Ntz—f dtf dxa,Q,; 8 . . .

cslto)=72]  dt]  dxd.Q, ® AT =A(r—*0)=—i(¢" ") Lo *=0. (14)
hence the loop can be parametrized in terms\gf, the The general Manton loop ansatz constructed using the to-
latter taking on all values between 0 and 1. pological ingredientss**, A** is now given by

To construct and study the sphaleron, we start from the o o

static energy which in the temporal gaugk,&0, A:=A,) e=[1-h(xX)]Jg+h(X)e™*, A=fA**=0, (15
is given by

where ¢ has to be chosen such that the loop starts and ends
in the vacuum and reaches the sphaleronsferr/2; hence

1 1
@A =f {— (O FiA)p?+ o5 (1= [@[»?|dx. (9 — " — — ,
5[ ] 2| X | 32 | | ‘P|T:O:¢|T:ﬂ':1! (P|7':71'/2:h(p+ |7:17/2:_h' In the
. . i SO(2) model,
Choosing the particular ansatz= ¢ € R, A=0, this reduces
to the well-known realp* energy functional = coSr+i sinrcosr (16)
1 1 . . . — + 4o
I :f ()2 + —(1— ¢D)2|dx, 10 IS a convenient choice. Moreovg(q(x—> _.00)—(,0 re-
sprl 4] 2 (6774 31— 77 dx (19 quiresh(x— +«)=+1. The loop is then given by
which is minimized by the kink-antikink solutions o(7,x)=€eTcosr+ih(x)sin7], A=0. (17)
6. (x)= ttan)’(x;xo). (11) ;r;gﬁjr;ing the ansat@l?) into the static energy function&d)

The ¢* kink on its own is a stable soliton, but it becomes . _ i 1 ,, 1 22
unstable as soon as it is embedded in complex isospacél ¢-Al=E[h]= sir? Tf §(h ) +3—25|r12 m(1-h%|dx,
which can be shown explicitly by investigating the fluctua- (18)
tion spectrun{20].

which for 7= /2 reduces to the* model,a:m:&phm
1

3-

A. The geometrical loop construction For any fixed value ofre[0,7], £,[h] is minimizedby
To show that (,A)s,n=(¢-,0) are sphaleron configura- X
tions of the Abelian Higgs model, we construct the corre- hT=tanI'( sinr 0)_ (19)
sponding NCLs of finite energy configurations connecting 4

two vacua through the sphaleron in a topologically nontrivial . - .
The energy along the resulting minimal energy loop is

way.
Vacuaare static configurations with zero energy; i.e., they - 1
are given byp=g, A=ig 19,9 with ge U(1). We use the &)= §sin3 T, (20)

remaining gauge freedom of the theory to fix the vacuum to
(¢,A)yac=(1,0) and comment on the choice of gauge IaterW
on.

Following the geometrical loop construction of Manton
[4], we consider first the topological properties of the Higgs
field at infinity. One-dimensional space at infinity shrinks to
the discrete seﬂt{)*_= Sgpace={t 1}_». Hence one has to dis- o “iTe?iT (21)
tinguish two mappingse*”, ¢~ instead of one mapping
¢” which depends on continuous angular coordinates iras the topologically nontrivial mapping.

hich has amaximumfor 7/2. This minimax procedure

therefore shows thaig(,A)s,p=(¢-,0) is a sphaleron of the

Abelian Higgs model. To construct the NCL for the kink-
type sphaleron¢,A)s,n= (¢4 ,0), one simply has to use
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To calculate the increase of the Chern-Simons numbefhese vacua can be labeled by a “topological charge” de-
along the NCL, one has to treat the loop parameter as fined as

(Euclidean time-dependent quantityr=7(t) with 7(t=
—x)=0, 7(t=o)=. Inserting the loop ansatl?) into

Eq. (8), one can split the double integral into a space “vol-

ume” and a “surface” integral, resulting in

Nedto =20 [T agi= axt [au=2d
cs( o)—ﬂ_ - oly— 2 dx+ . 1lx= -0t

(tg) 1
= + Esm 27(tp).

(22

1

As expected, one find&/-s=3 when the loop reaches the

sphaleron, whereas the entire loop Wgss=1.

B. Gauging and nonperiodic boundary conditions

The vacuum convention chosen above can be changed

gauging the geometrical logp

e—>e=0p, A=0—A=ig*ag. (23)
One could, e.g., requiré:zg;—d for x——o and x—
+0o0, choosing the gaugi0]

+1 (24)

a

) 2 X
g=e N A(x)= ;arctaré

(a#0 arbitrary, which yields

27 «

A(x)= .
) T a?+x2

=2 [ Qydx = Qlam s = —— [ A®dx=
—| Qodx = Q| am)=5— x=n.
(26)

In the literaturg/16,17] this is usually the only “topological
number” discussed in the context of tH&(O(2) Abelian
Higgs sphaleron. It should be stressed that it is different from
the Chern-Simons number which is the proper quantity to be
investigated in the context of the sphaleron NCL and its
relation to the instanton. The topological charge used above
to label the vacua makes use of the gauge-variant part of the
Chern-Simons form. Only in even dimensions does the
Chern-Simons form exhibit a gauge-variant ppt8]. In
these dimensions one can distinguish between “small” and
“large” gauge transformations, depending on whether they
leave the “topological charge(defined as the space volume
l?Pftegral of the zero component of the Chern-Simons jorm
invariant or not.

Another confusion about th8O(2) Abelian Higgs model
found in the literaturd 16,17 concerns the use of periodic
boundary conditions in the space coordinates for the gauge
fields, i.e., “putting the fields on the circle” instead of using
the nonperiodic vacuum structu(@5) [20]. The sphaleron,
however, is definitely never a periodic object in space, but
always thee? kink, a contradiction which cannot be solved
by simpy taking the limit of infinite period.

The periodic solutions ofp* theory[21] and Goldstone
theory[22] in one dimension can be more gainfully inter-
preted as theeriodic instantons in Euclidean quantum me-
chanics These periodic solutions describe tunneling from
thermally excited states, the temperature being given by the
inverse period. At some value of the period, the periodic
instantons reduce to t@ime-independentsphaleron which

Concerning itsr dependenceg can be considered either as a in the case of Euclidean quantum mechanics is just a con-

set of static transformations parametrized#gnd applied to

stant solution. This effect describes the phase transition be-

each corresponding static configuration along the loop sepaween classical and quantum behavior which is presently un-
rately or as one time-dependent gauge transformation appliegkr intense investigatio23]. Since periodic instantons
to the7(t) time-dependent loop as a whole. In the latter case(periodic in the Euclidean time, not in the spatial coordinate

the temporal gauge condition is violatell,=0~>7A.

are also known to exist in the Abelian Higgs mof&4], one

In both cases, one finds for the gauge-transformed Cherrghould be even more careful about the notion of periodicity

Simons form Qy—>Q+17A", Q;—0,—17A. Inserting

this into Eq.(22), we find explicitly that the Chern-Simons
number is gauge invariant; i.e., also the gauged Manton loop

(¢,A) starts at a vacuum withzs(7=0)=0, reaches the

in this model.

C. AKY boundary loop construction

A different technique for the construction of a NCL for

sphaleron atVeq(7=m/2)=3%, and ends at a vacuum with the Abelian Higgs sphaleron is motivated by thstatic

Neg(r=m)=1. This is not surprising, ap=d,, is a

gauge-invariant quantity.

minimal energy path construction by Akiba, Kikuchi, and
Yanagida(AKY) [25] in the Weinberg-Salam theory. This

The main new feature of the gauged geometrical loop iSNCL is constructed by minimizing a general spherically
the representation of the vacuum states between which treymmetric static ansatz with parameter-dependent boundary
loop interpolates. Generalizing the gauged geometrical looponditions, i.e., not the loop ansatz containing the loop pa-

(¢,A) to a larger range of the loop parametet R, the loop
reaches a vacuum state for ar nar, ne Z, now given by

a—ix\"

a+ix

Am—_ "

(29

oM=| —
¢ ( a’+x?

rameter, but the boundary conditions. We shall refer to this
type of construction as a “boundary loop.”

The spherically symmetric AKY ansatz in one space di-
mension(in temporal gaugeis simple and only puts some
restriction on the symmetry properties of the parameter func-
tions,
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;(X)=H(|X|)+i>A<K(|X|) A =f(x) (27) and the Chern-Simons number along the AKY loop for the
' ' Abelian Higgs model is
with x=sgn); i.e., H(xX)=H(|x|) is an even andK(x) 1
=xK(|x|) an odd function ok e R. Under a gauge transfor- Nes(@)= + 5-sin2q. (35
mationg=e'*®, H andK are rotated,

o : Therefore, the energy along the loof(\..), agrees with
H—H cosA—KsinA,  K—KcosA+HsinA, (28) the result(20),(22) for the geometrical NCL. Hence there is

while f>f—A’; i.e., one can gaugé=0 without loss of N advantage of a lower energy along the boundary loop
generality in the ansat27). compared to the geometrical loop; both provide equivalent

Inserting the ansatz into the static energy functional yields Static minimal energy paths’25].

“‘,A _7 H,K Ill. d=3: SPHALERONS IN THE GEORGI-GLASHOW
o, Al=EH K] MODEL
1
:f [E(H’+K )2+ (1 H2—K?)?|dx; The model is described by th®Q(3) taking its values

in the SU(2) algebra with anti-Hermitian generators
(29 (-i/2)(0,)=(—i/2)c and a Higgs triplet field $*)= ¢
which we write in anti-Hermitian isovector representation,

.e., finite energy requires ®=¢-[(—i/2)c], in d=3 spacetime dimensions. The

H(x—®)=cosq, K(x—o)= sing. (30) model is given by the Euclidean Lagrangian
~ . . 1, 1 S M, 7?\2
Extrema of&[H,K] with these boundary conditionandH L=tr| — ZFuv_ E(DMd)) +§ D+ > (36)

even,K odd are found only fog=0 or q=, yielding the

vacuaH==*=1, K=0, and forq=/2 with H=0, K(x) 1

= ¢, (x)=tanh{/4) which is the sphaleron configuration. ==
The idea now is to construct a loop by increasing the 2

boundary condition parametey(t) as a time-dependent - -

quantity fromq(t=—%)=0 to q(t=%)=ar. Inserting the With Fu, = A+ [A,A=F,,- [(-i/2)c] and D,®

ansatz in the Chern-Simons functiori@P) and taking care =d,®+[A,,®]=D ¢=d,¢6+ dNA,, with u=1,2,3.

1. 1
APt 5(Dud)’+ —<¢2 21;)} (37

of the _boundary conditions foH, K when evaluating From the second form of the Lagrangif3] it is easy to
QX217 yields identify the particle spectrum of the theory which consists of
photons, heavy charged bosons with mass=+27, and
1 , , q scalar neutral Higgs particles with masg, = 2\ 7.
NCS:EJ (KH'=HK")dx+ e 3D The model was previously exploited by Polyaki@] to

calculate quark confinement effects, using a dilute gas of
i.e., the sphaleron ha¥.s= 3. One can minimize the static instantons. The instanton of the model is the finite size
energy functional(29) for fixed Chern-Simons number by spherically symmetric 't Hooft—Polyakov monopdl&5] in
adding the Chern-Simons functional with a Lagrange multi-three dimensions which is characterized by integer Chern-
plier £ to the static energy functional, leading to the Euler-Simons number
Lagrange equations

tr{®F,,].
(38)

A €puv

1 NCS—\/_ fo" Q,d% with Q,=
H,,+§K’+§H(1_H2_K2)=0,

1 As the model is in an odd spacetime dimension, the Chern-
K'—&H'+ §H(1—H2—K2)=0, (32  Simons form(),, in this model, which is constructed from
the Bogomol'nyi inequality
which are solved with the above boundary conditions by t[F q)]2>0=>£>(9 Q, (39)

€uvpp

£=8 cosq has no gauge-variant pdi9].
' To discuss the sphalerons of the mofiE8], we reduce
(33 the Lagrangiar(36) to the static Hamiltonian

) sinq
H(x)= cosq, K(x)=singtan TX’

The energy along this loop is found to be 1 1 A °\
gy along p M=t - F— 5 (D@5 @2+ 2] | 40
. 410 2 2
E(a)=3sin’q, G with i, ... =12,
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A. Sphaleron and boundary loop construction

K
Motivated by the AKY technique in the Weinberg-Salam [r( H'= T)

' Hfe) 1
:fc K,+T _FfB(KfA_HfB)

model [25], we try the general static spherically symmetric 5 5 Lo
ansatz for the Higgs field to find the sphaleron and a corre- —A7TH(1-H"—K?), (48)

sponding NCL simultaneously,

q)=ilz[H(r)0'3+K(r);(i0'i]v

3

2y 24 2
with r“=x3+Xx5.

The SO(2) gauge transformatiof—g, ~1dg, with

1(, foC)
(42 r\fam—=—

i
gr= eXF{EEiniO'jA(r)]

rotates the parameter functions,

(4 [r

' Kfc| 1
=_fc H,_T +FfA(KfA_HfB)

Hf
K,+TC)

—A7PrK(1—H?—K?), (49)

| , fafc
o] o+ 7

27°

H—H cosA —KsinA, K—KcosA+HsinA. (43

This motivates the choice of a spatial spherically symmetric

ansatz

fatl o[ i fo [ .
i:TEika _50'3 +T€in]' — 5XkOk

fca (N
+Txi( - EEk|XkO'|)

1., fefc
e

ro1 L fefe
a4

27y
— — H(Kfa—Hfg), (51

(44)

for the gauge field which transforms to an ansatz of the same

type underA;—g,  'Aiga+0a 13,04, in particular,

fa>facosA—fgsinA, fg—fgcosA+f, sinA,

fcﬁfc_ rA’.
The requirement of regularity at the origin implies
fa(0)=—1, fz(0)=0, fc(0)=0,

H(0)=const, K(0)=0.

(45) +2772r2|:H

fef fef
20| -1 13- 2

Hf Kf
K’+Tc)—K<H’—TC) :

O:fA

(52

Note that the ansai#1),(44) being radially symmetric, Egs.
(48)—(52) are guaranteed consistent with the equations which
are obtained by varying the original Hamiltoni&#0) and

(46) inserting the ansat#1),(44) afterwards. This is in contrast

with the situation in the Weinberg-Salam model where the

Also the gauge transformation has to be regular at the origingorresponding ansatz is not spherically symmetric and hence

A(0)=0.

the consistency of the ansatz there must be checked.

In this gauge, inserting the ansai1),(44) reduces the  As the fifth equatior(52) is first order, it is obviously not
static Hamiltonian to the fOllOWIng radial Subsystem Hamil- a dynamica| equation’ but a constraint on the system which is

tonian:
- 1 . fefc . fafc
Ho=2m ar (fA——> +(fB I
2 K f
+7]— r(H’——C)Jrr(K’ —C)
2 r
1 An?
+ S(Kfp=HTg)? +T7’r(1—H2—K2)2}.

The Euler-Lagrange equations are

related to a gauge transformation in the space of the param-
eter functions d,K,f5,fg,fc) [26]. This shows that this set
of parameter functions has one redundant degree of freedom
which is already clear from the fact that we kept the gauge
freedom(42),(43),(45) in deriving the reduced Hamiltonian
(47). Indeed, the gauge transformation generated by(%j.
is equivalent to the transformatiori43),(45) derived from
the SQ(3) gauge transformatiog, of the original fields
(®,A) in Eq. (42).

The gauge transformatid@d3),(45) can now be used to fix

(47) fc=0 without loss of generality in the ansaf41). This

choice corresponds to ‘“radial gaugef(iAizo. In this
gauge, the Hamiltoniaf7) simplifies to

125015-6



d DIMENSIONAL SO(d)-HIGGS MODELS WITH AN . .. PHYSICAL REVIEW D 60 125015

1 2 f
Ho=2m E(f,;2+f{32)+% r(H'2+K'?) (rK’)’=TA(KfA—HfB)—)\ner(l—H2—K2). (60)
1 A7 Of course, these equations agree with E48)—(51), setting
— 2 - — 2_ 2\2 1 1
+F(KfA Hfg)" |+ 4 r(1-H"-K% } fc=0. The fifth equation(52) reduces to
(53 fh fi
fal —|—fa| —| +27[H(rK’)—K(rH")]=0, (61)
For fg=0 andH=0 this reduces to the radial subsystem r r

Euclidean Lagrangian of the Abelian Higgs model in two ich tyrns out to be an integration constant of the other four
spacetime dimensiong5) supporting the (topologically equations(57)—(60).
stable Abelian Higgs vortex. The embedding of this two- The asymptotic analysis then fixegq) = cosg, and one

dimensionaISO(g)-Higgs yortex into theS.O(3)-.Higgs. obtains the following asymptotic behavior in the region
theory as a static object in three spacetime dlmenslon§n r>1

(®,A))sph, Yields the sphaleron of the three-dimensional

model. — 12— myr
H(r)~+ cosq—d H
It is interesting to remark that th8O(3) gauge field of ") c0Sq—dy cosq(mur) e
this sphaleron tends to one-half times a pure gauge at spatial —dyy cosq sing(myr) %™ (62
infinity, r—oo:
L . L K(r)~+ sing—dy sing(myr) Y%~ M
. i -
(A spr~ €KX —503) :ngl‘?ing +dy cog g sing(myr) e mw (63
P fA(r)~— cog g+ Dy sing(myr) Y% M, (64)
g,= ex EéiniO'j’ﬂ' , (54)

fg(r)~ — cosqsing— Dy, cosq(myr)Y2e ™,
a property which thes((3) Higgs sphalerons shares with (69

the instanton of the same mod&l. This is not surprising if i i
del P d /hereD,y, dy, dy are constants which can be determined

we consider that sphalerons and instantons are related ol
jects. P numerically by solving Eqs(57)—(60). It is easy to check

Requiring finite energy thatmy,r =:p is the convenient dimensionless radial variable
in this model which is also used in all numerical calculations.
Solving Egs.(57)—(60) in the myr<<1 region yields

5=J Hd2x=f Hodr<oo (55)
1
~ — 2 _ . 2
fixes the behavior of the remaining parameter functions H{)~Cut Zen(ch—1)- (Mun)%, (66)
(H,K,fp,fg) at spatial infinity to

K(r)~c(myr), (67)

H(r—c0)= cosq, fa(r—o)=—a(q)cosq, A
fa(r)~—1+ca(mur)?, 68
K(r—%)=sing, fa(r—%=)=—a(q)sing, (56) A0 A (©9
fg(r)~cg(mwr)?, (69

with qe[0,7].

The relation between and a= can be determined . . .
q a=a(q) ith ca, Cg, Ck constants which again have to be deter-

from a more careful analysis of the asymptotic behavior of /! ) . . .
the parameter functionsH(K,f,fg), Using the Euler- mined from the numerical integration of the equations of

. i motion, andcy=3cg/ck .
Lagrange equations df, which are Solutions of Eqs(57)—(60) can only be found for three

AP particular values of}, ge[0,7]. First,q=0 andq= = allow
(_A) :lK(KfA—HfB)' (57) the vacuum configurations #*+1, K=0, f,=—1, fg=0
r r with zero energy, resulting in the vacuum fields

fg|" 27 7
7| =~ 7 H(Kfa—Hfg), (58 (PA) = J—“'Effsao : (70
. fg Second foig= /2 the behavior of the parameter functions at
(rH")"=——Ta(Kfa,—Hfg) infinity, Egs. (62)—(65), and at the origin, Eq(66)—(69),
allow one to sefg=0 andH=0 such that the&sO(2) sym-
—A7’rH(1—H?-K?), (590  metric Abelian Higgs vortex configuration is an element of
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the subspace 080(3) Higgs configurations given by the
ansatz(41),(44) and the boundary conditior{46),(56) in the
radial f =0 gauge. This is the sphaleron solution.

To construct a loop from the subspace 8(3) Higgs
configurations discussed above, we have to specify a one

parameter subsetd(,A;), parametrized by the boundary
constantg. Three points of the loop are already fixed: the
initial and final vacua @,A))q-0,=(®,A). and the
sphaleron ©,A))q- »2=(®,A)sph given by the parameter
functions fa,K)sph. We now have to fix the parameter
functions H,K,f,,fg) for all remaining values ofy such
that q becomes the loop parameter.

Instead ofq, it is convenient to choose the Chern-Simons
number as the parameter along the loop. Therefore, we ne
calculate the Chern-Simons functional for the set of configu-
rations(41),(44) with boundary behavio(62)—(65) at infin-
ity and Egs.(66)—(69) at the origin, treatingg=q(t) as a
time-dependent parameter such that a loop parametrizgd by
starts at an initial vacuum with(t=—)=0 and ends at a
final vacuum withq(t= +o°) = 7r, whereas the sphaleron is
reached at some timg,y,, q(tsyn) = 7/2.

Inserting the ansatZin radial gaugef-=0) into the
Chern-Simons number functional

Neg(t ):L QoliZ" d2x
cs\to \/E7T77 2 Olt=—w
to
+J dtnmf QidSJ, (71
—  redSHr)

we obtain

1 1
J\/cs(q)=—§f(Hf,;+Kfé)dr+§(1— cosq), (72

with q=q(ty). This yieldsN-g(g=0)=0 andN:g(gq= )
=1; hence the Chern-Simons number increases by unity be-
tween the initial and final vacua. For the sphaleron, the sur-
face integral in Eq(71) yields Neg(q=m/2)=3.

To complete the loop construction, we minimize the static
energy(55) for a fixed value of the Chern-Simons number La
Ncs. This is done by adding the integrand in E@2),

1
NOZE(Hf,’ﬁ-Kfé), (73

PHYSICAL REVIEW D60 125015

f
(TH")"= = 2f(Kfy=Hfg) =\ 7’rH (1~ H2-K?)

¢
+—fn, 7
2 (77
fa
(rK’)’=T(KfA—HfB)—)\ner(l—Hz—Kz)
€ o
+;f5. (79)

;{the Lagrange multiplier changes the behavior of the solu-
tions at infinity to

H(r)~+ cosq— dy cosq(myr )~ Y2e~ Vma—(€/miyr

— &dyy sing(myr ) Y2e~ VM~ (€miyr (79
K(r)~+ sing—dy sing(myr) Y%~ Vmii— (&Imir

+ &dyy cosq(myr ) Ve VM~ (€/my)r (80)
fa(r)~—a(qg)cosq

+ £Dy, cosq(myr) Ve - (Emyr

+ Dy sing(myr) Y% ‘/mr, (81
fg(r)~—a(q)sing

+ Dy, sing(myr ) Y2~ VM= (€@myr

— Dy cosq(myr)*%e” Vil @mr (82

and requiring that exponential decay restricts the range of the
grange multiplier to

|| <min{m3,,mymg!. (83

The asymptotic analysis no longer forceéq) = cosqg, and

a along the loop is known only for the vacua and the sphale-
ron, «(0)=1, a(7)=-1, a(w/2)=0. The general func-
tion a(q) has to be determined from the behavior of the
functionsf,, fg atr—oo.

multiplied by a Lagrange multiplie#, to the reduced Hamil-
tonianHg in Eqg. (53), and minimizing

Fo:=Ho+ &Ng. (74) We first consider the sphaleron and its boundary loop for
N=1 which happens to be a particularly simple case in the
The corresponding Euler-Lagrange equations are sense that the energy along the loop can be calculated ana-
lytically. Choosing
fA\" 277
| = K(Kfa=Hfg)—&H", (79 ¢
fg=0, H=— 84
L : 27 (84
Bl __ 27 CHfo)— £K
(T) T H(KfA—HTg) =K, (76) simplifies Eqs(75)—(78) to
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f/ ! 2 2
(—A) =7 K2y, (85
r r
K'=——Kfa, (86)
( £
fr=n2r| 1- — —K2|, (87)
4772
f2 2
(1K) = K= 72K 1—%—}@), (89)
7

while the boundary condition§46),(56) for the remaining
functionsf,, K become

§2
K(0)=0, K(r—w)==+/1——,
4n
(89)
fa(0)=—1, fa(r—=)=0,
as cog=¢&27? from the boundary condition oH= &/2 7?
atr—oo,

It is easy to check that Eq$86) and (87) are first inte-
grals of Eqs(85) and(88); hence a consistent solution of the
system(85)—(88) can be found by solving the first-order sys-
tem (86),(87).

Solutions of Egs(86),(87) saturate the inequalities

2

4r

=0,

2
1-——-K?2
4’ )

fa— nzr(

2

2

1
K= ZKfa| =0. (90)

The cross terms of the squares yield a lower bound for the

Hamiltonian(53) for \=1 andfg=0, H=¢/27:

1., 7 ., 1
H0|>\—1,fBO,HS/ZvZZZW[EfA%'? rk 2+F(KfA)2}
4 2 2
7 & 5
+4r14n4K)} (92)
d 2
2 2 w2
=7y dr[fA<1 e K)}
(92)

The resulting Hamiltoniari92) is exactly of the same form
as the one-dimensional reduced Lagrang®&nof the Abe-

PHYSICAL REVIEW D 60 125015

functions @,h) by (fa,K) formally, and by replacing 1 by
1— £%/4%* in the potential. Solutions to this systgmvhich
saturate the bound®0)] are known numerically.

Exploiting the boundary behavi@gB9) of these solutions,
one can find their energy depending on the Lagrange multi-
plier ¢ from the saturated lower bour(@2),

2

1- F)' (93)

52] Ho|>\1,sto,Hs§/2n2dr:7T772( ;

Also the integral in the Chern-Simons numi§@&®) depends
only on the boundary values for this particular loop, and we
obtain

_i>
27° ’

resulting in an analytic expression for the energy along the
boundary loop,

1
Ncs:§< 1 (99)

ENce) =4mn°Ne(1-Neo). (95

As a result the slopes @{ N9 at the beginning and the end
of the loop are

(96)

For coupling constanta>1, the full set of equations
(75—(78) has to be solved numerically, usipg= \/Enr as
rescaled dimensionless radial variable and eliminating
from the boundary conditions at infinity. In practice we re-
placed the boundary conditiori§6) which also involve the
unknown functiona(q) by

— 0

.
H2+K2 — 1,

r—o

KfA+HfB — 0,

r—o

Hf ,+Kfg — 0,

r—oe
fi— 0, 97

and solved Eqg75)—(78) for a given value o, identifying

g and a(q) from the asymptotic behavior of the numerical
solutions afterwards.

The energyé and Chern-Simons numbe¥g can be
computed for these solutions. This finally yields a “static
minimal energy loop” connecting two topologically neigh-
boring vacua through the sphaleron configuration which cor-
responds to the vortex of the Abelian Higgs model. The en-
ergy along the loop which can be parametrized by the Chern-

lian Higgs model, which becomes obvious by replacing theSimons number£(Ncg), is shown in Fig. 1, for several
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4.5 T T T T

P
e

[ el

FIG. 1. The energy along the boundary loop,
&WNeg), for A=1.0,1.2,1.6,2.0,3.0,4.0. The
straight lines show the slopes of the energy curve
at the vacuaVs=0,1.

NCS

values of the rati(mE,/m\ZN:)\>1. In this parameter region, ing the gauge transformation which rotates the parameter
the Lagrange multiplier is restricted thpé|<é,=27?  fields and allows one to gauge=0. This gauge transfor-
E(Nco approaches the vacud=0 for é—F27? with  mationg,, Eq.(42), also exists in th&Q(3)-Higgs bound-
slopes ary loop construction, but it cannot be used to construct the
loop configurations at infinity from the initial vacuum. In
IE(Ncs)

ol 0y fact applying g,—q to the initial vacuum @,Ki.)q:o
INcs Moz 0l =(d,A)) . yields the correct behavior of the Higgs field, but
es not of the gauge field along the loop at spatial infinity,
independently ofx, because the slope of the energy curve A
approaching the vacua is given by27¢&; [25]. (®,Ai)g-0
The symmetry&(Neg) = E(1—Ngg) is related to the in- 9q

variance ofHgy andFq in Egs.(53),(74) under the transfor- :(i103,0> H( i l(cosqa?,—l— singx;a),
mation J2 J2

H——H, fa—=fa, l-cosq . i sinq . i-

€ikX| T 503 T T €% T X0k |
KK, fg—>—fg, (99) (102

as one can see by comparing with the Higgs and gauge fields

which requires e S T
along the loop at spatial infinity, i.e.,

q—m—0q, a(m—q)=a(q). (100 o
~ ~ .m A
DA~ |i— + o)
It is easy to check that this transformation yields (P,Aiq ( ' \/E(COSq0'3 singx;a;),
1- Cos - i
Neg=>1-Nes, (109 XMEM( - 503)

while the energy is invariant, yielding the symmetry of the .

energy along the boundary loop mentioned above. _ Me)‘(
The boundary loop of th&Q(3)-Higgs model we con- 0

structed is different from the original AKY construction in

the Weinberg-Salam mode]25]. The Weinberg-Salam This is due to the fact that the sphaleron, which has to be a

sphaleron has a pure gauge connection at infinity. This alloop configuration, is one-half times a pure gauge at infinity

lowed a boundary loop constructid25] where all gauge in accordance with the corresponding behavior of the instan-

fields along the loop tend to a pure gauge; in particularfon.

gauge and Higgs fields at infinity could be constructed as a We expect that this is a general feature of models which

gauge transformation of the initial vacuum configuration, us-support both instantons and sphalerons, i.e., the sphaleron

- ii%kak) ) . (103

125015-10
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behaves like the instanton at spatial infinity, a fact which 1
must be reflected in the boundary loop construction. A :=Ai(r—w)=— ;[@”,&id)“]. (109
Y

B. General vorticity sphalerons and geometrical loop

, According to the results of Sec. IlllA, the gauge field at
construction

infinity along the loop is not a pure gauge; in particular, it
In general, the Abelian Higgs vortex has vorticity or tends to half a pure gauge for—-o for the sphaleron;s
winding numbem € N. So far, we considered ony=1 for =7/2.
the SO(3) sphaleron, but the generalization to sphalerons of For =0 and =, the loop has to start and end in the
arbitrary integer vorticity can easily be achieved. We use thizacuum which for conveniendd] we choose to be
generalization in our presentation of the second geometrical
loop construction. ( ”
The starting point of the geometrical loop construction is (P,A)yac=|1—=0,,0
the sphaleron ansatz which we generalize to vortikitye- V2

placing the spatial unit vectox by ﬁ=(cosN¢,sian§) in

: (110

in contrast to the choice of vacua in Sec. Il A. This yields

the ansatz, the geometrical NCL ansatz
=i —=h(r)F ANf<>”( i )
=i—=h(r)n;o;, i=—f(NeX — 503/, _ - -
N (®.A),=| i —={[1—-h(1)]T+h(r)p},
(104) V2
where we usé(r) andf(r) as parameter functiorig]. In- 1 R 0
serting the ansatz into the Hamiltoni&t0) yields the radial - ;f(r)AT’ with t= cos 1
subsystem Hamiltonian n — sinrcosr
1 N2 2 N2 (11
HsphzzwL—1 —f'2+ % rh'?+ —h?(1- f)z}
r r The boundary condition&L06) then ensure
)\774
+Tr(1—h2)2 . (105 I -
(@A), — (P7,A]), (112
Finit larity at th igi i -
inite energy and regularity at the origin require and T is chosen such that
f(r—o)=1, h(r—«)=1, f(0)=0, h(0)=0, —— —— —
(106) ((D!Ai)T:OZ(CDIAi)T:W:((D!Ai)VaC' (113)

and the solutions are equivalent to the vortidilyAbelian ~ One can also check thak? is a radial function ofr only
Higgs vortices as expected. which is necessary for the consistency of the ansatz.

The geometrical loop construction starts from requiring !nserting the loop ansa(11) into the static Hamiltonian
finite energy; hence the potential term in the Hamiltonian(40) yields
(40)l forces |D| == de Sﬁiggs at spatigl infinity ®2)” 1 N2 . N2
:Sspacevl descrlbeq by the angular coordinage T_herefore H,=2 sir® T[_ —fr2y —{rh’2+—
we consider the Higgs field far—o and add a single loop 4 r 2 r
parameterre SllOop to construct a nontrivial mapping,

. Ayt
X[h—f(hsir? 7+ cog 7)]? JrTsm2 m(1—h?)?}.

q)w:sipacex SIloopH aiggs- (107
(1149
A simple choice for this mapping with vorticit\ is
For 7=m/2, this geometrical loop ansatz reduces to the
sin7cosN¢ sphaleron ansatz104), and of courseH,_ ,=Hgpp,
whereaH ._,=0=H _ . for the vacua at the beginning and
the end of the loop.
sinTcos7(SinNg—1) H, can be minimized numerically for any value
(108 e[0,m7], yielding again a “static minimal energy path” con-
necting two neighboring vacua through the sphaleron, the
This fixes also the gauge field at infinity since the cova-energy along the loop being(7)= fH dr.
riant derivative in the Hamiltoniat®0) has to vanish, requir- One can also calculate the Chern-Simons number along
ing the NCL, treatingr= 7(t) as time dependent with(—x)

p-o, p=| si?7sinNg+ cog 7
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45 T T T T
Boundary looF with
T . Geometrical loop:
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FIG. 2. The energy along the geometrical
loop, EWNgg), with vorticity N=1 and A
) =1.0,1.2,1.6,2.0,3.0,4.0, and the energy along
the boundary loop foN=1, A=1.0.

05

0 02 0.4 0.6 08 1
Nes

=0, 7(°)=m. For the Manton loop ansatd11), both the metrical loop is lower than that along the boundary loop
volume and the surface integrals in E@l) contribute, re- except at the sphaleron and the vacua where they are equal.
sulting in This result holds also fox>1.

Figure 3 shows the geometrical loop for several values of

N N .
Nes(7) = 5c087Sir? Tf f'(1=h)dr+ = (1~ cos7). the vorticity.

(119
C. Magnetic and electric properties of Georgi-Glashow

For the sphaleron= /2, only the surface integral contrib- sphalerons
utes toNes=N/2, whereas the loop as a whole h&&g
=N. The vorticity N sphaleron therefore is the saddle point  Since the effective equations governing the sphaleron so-
of a loop connecting to vacua with Chern-Simons numbetution of the three-dimensional Georgi-Glashow model are
differenceN. those of the Abelian Higgs vortex with vorticiti (hence

The “static minimal energy path” of th&O(3) gauge also magnetic chargewe might expect that the sphaleron
Higgs sphaleron in the geometrical constructi6\Vc9), is  itself may carry magnetic charge.
shown in Fig. 2 with vorticityN=1 and several values af. The electromagnetic field strength of the three-
Comparing thex=1 geometrical loop with the correspond- dimensional Georgi-Glashow model is the well-known 't
ing boundary loop, we find that the energy along the geoHooft electromagnetic tens¢i5,1§

35 T T T T T T T T

2222z
[T NILY T

o

25+ \ J

FIG. 3. The energy along the geometrical
loop, E(Nes/N)/N, with A=1.0 and vorticityN
=1,2,3,4,5.

E/Nn?
15+ / ’ ,

05 | .

0 0.1 0.2 03 04 05 0.6 0.7 0.8 0.9 1
Nes / N
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>

[ ®F,,] @-FMV n -
F, = = d=i—h T,
v e ¥ (116 |\/E (r)xjo

Inserting the sphaleron configuratid04) into Eq. (116 7 - (ry -« i
yields F,,=0; therefore the sphaleron itself carries neither ~ Ao=! Eg(r)xiai, Ai:TfinJ( - 5‘73)-
magnetic nor electric charge. The situation is different if we

consider the complete NCL as the configuration dependent

on the time parameter. For example, along the boundary 100 fing solutions that lead to nonvanishing electric fQx,

presented in Sec. Ill A witly=q(t) we have nonvanishing the solution must have the following asymptotic behavior:
electric and magnetic fields,

(123

g(r)~dg+\/§7r17Qelnr, myr>1, (124
1 Hf,+Kfg
B=F1=— T mriez (1179 whered, is a constant. The asymptotic analysis of the equa-
Ho+K tions, not exhibited here, indeed confirms the behaidiad).
These equations have been integratefllBl numerically.
§(j Hf,+Kfg However, this static _electrically ch_arge_d solutic_)n cannot
Ei=Fo=—ej T (118 Dbe called a sphaleron since the logarithmic behaviay(o)

(which is a consequence of irbeing the fundamental solu-
tion of the Laplace operator in two dimensigmestroys the
It follows, by symmetry, that the electric charge of the NCL, integrability of the static Hamiltonian; i.e., this electrically
charged classical configuration does not have finite energy,
. I rendering it useless as a pseudoparticle in quantum field
Qe’:“mJ’ E-dS (119 theory. Technically, this is related to the well-known fact
o S0 that the energy integral of point charges in two-dimensional
electrodynamics is divergent.
is always zero, whereas the NCL configurations may acquire
magnetic charge

IV. SUMMARY AND DISCUSSION

szf Bd*x (120 We have analyzed the first two in the hierarchy of
SQ(d)-gaugedd-dimensional Higgs models where the Higgs
at some values of the time parameter. Clearlv. the ma netifields are in thed-dimensional vector representation of
parameter. A, gne O(d). In d=2 and 3 these are the familiar Abelian Higgs
charge of the sphaleron and the initial and final vacua vanis del and th _Glash del velv. Th
according to the values that the functiofis,fg,K, andH model and the Georgi-Glashow mo el, respectively. The rea-
; . By S . son for having chosen these models is that they both support
take for these configurations. The same conclusion is arrive , - . . . .
opologically stable finite action solutions which we interpret

at also by inspecting the magnetic flux of the vorticity he i d th ted t t sphal
configuration calculated in terms of the geometric loop pa—aSt e instantons, and they are expected to support sphaleron
rameterr: solutions in the static limit, which we find md_eed to be the_
' case. Thus we have analyzed the first two Higgs models in
this hierarchy, which support both instantons and sphalerons.
: ” / This is the main criterion of the work, and our motivations
Qu= siff 7cos7N Jo (1=htdr, (123 for it are explained in the Introduction. Our analysis points
the way to tackling thed=4 case[12] which is of some
definite physical relevance in as far as it promises a Coulomb
—0 andr= 1. instgnton ga§13], but which is considerably more complex.
One might think at this point that there is no reason why Since the instantons of these two models are well-known

there should be no nonvanishing electric flux if the temporaFOIUtic;nS’ Ta”llely’ the Niellsen-OIheson vlort_icﬁea:,] s_nd the
gauge conditio\y= 0 were relaxed in the spirit of the Julia- t Hooft-Polyakov monopolg 15], the analysis of this paper

7 271 In the A Ive the full Euler- is restricted to the study of the sphale.rons pf these models.
Lsgrgzgg[qujat?onsein Ol\/glﬁir?kgvr\lgk(izigasc%vif e Tl Euer Indeed, the sphalerons of the Abelian Higgs model have

been studied extensively in the literatydes,17,2Q, but we
22 give our own version here. The reason for this is first so that
2+ ’7_) the construction of the sphalerons of both models should
2] 0 proceed in the same lines, especially since one of criteria is
(1220 to map the way to carry this analysis to tie-4 case. Sec-
ond, our construction of the sphaleron of the Abelian Higgs
in the static limit using the radially symmetric restriction of model follows exactly the same procedure as those used in
the fields according to the ansatz the corresponding work for the Weinberg-Salam model,

which vanishes at the sphalerors 7/2, and the vacua

1 1
L=t = 5 F,,F*'+ 5D, dD D —\
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namely, that of constructing a NCL carried out by Mantonwith the sphaleron at the top of this path with Chern-Simons
[4], and also that of constructing the path of finite energynumber equal tG. An interesting circumstance here is that
configurations carried out by Akibet al.[25]. This contrasts when the coupling constant of the Higgs self-interaction po-
with the presentation in the literatuf@6,17,2Q where the tential in the Georgi-Glashow model takes the critical value
procedure is quite different from the case of the Weinbergfor which the (statio embedded Abelian Higgs model can
Salam model[4,5,25, in particular imposing periodic saturate the corresponding Bogomol'nyi bound, the finite en-
boundary conditiong16] unnecessarily. This part of our €rgy path can be constructed analytically without recourse to
work is presented in Sec. II, where we have given both théumerical computations. . o
construction of the sphaleron, namely, that of Klinkhamer, Our analysis of these two models has clarified the simi-

; i larities and differences between the sphalerons of the
and Mantor(4,5] and that of Akibaet al. [25]. In addition, y_\/einberg-SaIam model and those of the models in our hier-

we have made a contrast of our procedures with those exis . .
ing in the literature. Our procedure here, making it possible"j‘rchy 0ofSQ(d)-Higgs models. In this respect, thle-3 case

to formulate this problem in complete parallel to the Is the most enlightening. We have learned that the structure

; : : f the geometric loof4,5] behaves very much like that of
Weinberg-Salam case, is made possible by our use of th ?
el G Char g dny e 1 10Ty Sl odel, s o e by 0
calculating the Chern-Simons number. o e X

In the larger part of this work we have presented the conPoundary conditions are quite different in the two cases. In

struction of the sphaleron in the three-dimensional Georgi:[he process, we have given a unified treatment for the con-

Glashow model. This is the work in Sec. Ill. Again we have struction Of_ energy loops interpolating betwe_en vacua for all

presented the construction of the sphaleron in both thé“”f’d?'& b_rlngmg the treatment of the Abelian Higgs case

Klinkhamer-Manton[4,5] procedure and the one of Akiba into line with the others. This we.have done employing both

et al.[25]. It is very interesting that in the former cagg5], ']Eypes ?\f T}nergz IOO‘I)S’ gecc)jmr(]etrlc[ﬁa] and bogn?ar)[ZS]l,

we find that the sphaleron is a solution to the effective Abe- Lom \tﬁ ch Wed avel earned t a:]t € geomit”f tﬁOp |sho|vver

lian Higgs model in two spatial dimensions, embedded in thdhan the boundary loop everywhere except at the sphaleron

SQO(3) model. In that case we have constructed a family of'md the vacua Where_ they are equal. Presumably this is the
sphalerons characterized by a vortex nunieavailing our- Cai‘? als? folr the Wlt(-:-mberg-s?]lanj m?ﬁel' imilarity bet
selves of the fact that radially symmetric fields in two dimen- S a final remark we emphasize the simiiarity between

. ; s o he boundary loop construction for the Winberg-Salam and
sions have integer vorticity. We have also inquired whethef . . .
this sphaleron has magnetic flux related to its vortiditgnd the Georgi-Glashow models—in both of them the functions

3—? andH are excited on the boundary loop. In addition both

have found that the sphaleron itself, as well as the vacua i . d ) dels in the limit of the Hi b
falls between, have zero magnetic flux, but that intermediat eories tend to sigma models In the limit of the Higgs boson
asses becoming infinit. With these two similarities in place,

field configurations do have nonvanishing magnetic flux. Wemseems that there may well be bisphaler§8,29 in the

have also verified that by relaxing the temporal gauge, ond se _ _ .
can find solutions to the static field equations leading to sratic three-dimensional Georgi-Glashow model.

nonvanishing electric flux18], but in that case the energy
diverges logarithmically and hence there is no sphaleron so-
lution that can be gainfully employed in semiclassical field This work was carried out in part under Basic Science
theory. In addition to this, we have pursued the constructiorResearch project SC/97/636 of FORBAIRT. F.Z. acknowl-
in the procedure of Akibat al. [25] and have constructed edges financial support from the HEA. We are very grateful
the finite energy path interpolating between the two vacudo Yves Brihaye for valuable discussions.
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