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d dimensional SO„d…-Higgs models with an instanton and sphaleron:d52,3
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The Abelian Higgs model and the Georgi-Glashow model in two and three Euclidean dimensions, respec-
tively, support both finite-size instantons and sphalerons. The instantons are the familiar Nielsen-Oleson
vortices and the ’t Hooft-Polyakov monopole solutions, respectively. We have constructed the sphaleron
solutions and calculated the Chern-Simons chargesNCS for sphalerons of both models and have constructed
two types of noncontractible loops between topologically distinct vacua. In the three-dimensional model, the
sphaleron and the vacua have a zero magnetic and electric flux while the configurations on the loops have a
nonvanishing magnetic flux.@S0556-2821~99!02922-7#

PACS number~s!: 11.15.Kc, 11.10.Kk, 11.15.Tk
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I. INTRODUCTION

In the semiclassical treatment of quantum field theor
instantons@1–3# play the important role of providing the
tunneling between topologically inequivalent vacua in an
sentially nonperturbative framework. Instantons are class
solutions to the Euler-Lagrange equations with Euclide
time, from which comes the tunneling interpretation. A
other, closely related mechanism for vacuum to vacuum tr
sitions but now at nonzero temperature is provided by
~Euclidean! static solutions of the field equations calle
sphalerons@4#. In contrast with instantons, sphalerons a
unstable solutions and provide a classical rather than q
tum ~tunneling! transition over the energy barrier separati
the two vaccua. In this context it is very useful to consid
another class of classical solutions, which are periodic
~Euclidean! time, with the period being identified with th
inverse of the temperature. These are the periodic instan
as defined in Ref.@6#. Thus at zero temperature the period
the periodic instanton becomes infinite, rendering it nonp
odic, which can be identified as the instanton itself.

Now a given field theoretic model supporting sphalero
@4,5# and hence also periodic instantons@6# may or may not
support an~zero-temperature or infinite period! instanton. In
the case where a finite-size instanton exists, it can be arr
at as the period of the periodic instanton tends to infinity.
the case, however, where no finite-size instanton exists,
situation is more complicated and the so-called constrai
instantons@7# must be employed. The consequences o
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theory being of one type or the other are thought to be
tentially important.

There has been some exploratory work done in this dir
tion, in the context of the (111)-dimensional scale-breakin
O(3) sigma model@8# which does not support finite-siz
instantons and its Skyrmed version@9# which does so. The
study of the periodic instantons in these two models fr
this viewpoint was carried out in Refs.@10,11#, respectively.

In view of the above, it is interesting to construct an
study models that can support bothinstantonsand sphale-
rons, as a first step before studying theperiodic instantons
interpolating them. Our aim in this paper is to do just th
for a class ofd-dimensionalSO(d)-Higgs models in which
the Higgs field is ad-component vector of theSO(d), for the
two cases ofd52 andd53. What distinguishes such mod
els is that their instantons result in curvature field streng
that exhibitinverse squarebehavior. This property contrast
with the pure-gauge behavior of the arbitrary-scale Ya
Mills ~YM ! instantons@1# and can result in far-reachin
~physical! consequences. In thed53 case, it leads to a dilute
Coulomb gas of instantons, as shown by Polyakov@3# long
ago, while the corresponding instantons ind54 share this
property@12# and can possibly also enable the construct
of a dilute Coulomb gas@13#. This is our physical justifica-
tion for making a systematic study of theseSO(d)-Higgs
models, and we concentrate on thed52,3 cases here. Thu
both models under consideration here are the familiar on
namely, the Abelian Higgs model ind52 and the Georgi-
Glashow model ind53.

The instantons in these two (111)- and
(211)-dimensional models are the well-known topolog
cally stable Nielsen-Olesen vortices@14# and the ’t Hooft-
Polyakov monopoles@15#, respectively. It is therefore the
sphaleron solutions to these models that are the remai
©1999 The American Physical Society15-1



th
en
of

th
on
n

ion
op
l,

ib

i
he
er

e

m
on

th
iv

n
ec

uc
re

di

o
e

a
o
o

ct
ua
rie

uc

the
r

It
t part

o
el,
ra-

-
La-

ded

ton

rn-

vior
r-

B. KLEIHAUS, D. H. TCHRAKIAN, AND F. ZIMMERSCHIED PHYSICAL REVIEW D60 125015
entities to be studied. In this connection, it is true that
sphalerons of the Abelian Higgs model were studied ext
sively long ago@16,17#, but we repeat it here for the sake
completeness so that both casesd52 andd53 are treated
similarly and because the presentation of the results in
literature can be refined. In particular we clarify the situati
with respect to the question of periodic boundary conditio
in the spacelike coordinate used in the literature@16,17#. The
sphaleron in thed53 case has been studied recently@18#.
We have carried out the analysis of the sphaleron solut
in both models employing both the noncontractible lo
~NCL! used by Manton@4# for the Weinberg-Salam mode
to which we refer in this paper as thegeometricloop con-
struction, as well as the finite-energy path method of Ak
et al. @25#, to which we refer asboundaryloop construction.

In the study of the sphaleron solutions, a central role
played by the Chern-Simons number, which in t
Weinberg-Salam model is calculated from the second Ch
Pontryagin~CP! density. In thed-dimensional Higgs models
we consider, the natural candidate for the latter is the dim
sionally reducing CP density of the YM field onRd

3S4p2d, where 4p.d @19#. The d-dimensional model is
decided byp such that the action density is bounded fro
below by dimensionally reducing the CP density in questi
The simplest such model corresponds to the case where 4p is
the smallest number greater thand. Both the Abelian Higgs
model and the Georgi-Glashow models considered in
work are the simplest models whose CP densities are arr
at by the corresponding dimensional descent of thesecond
CP density of theSU(2) YM field.

The analysis of the Abelian Higgs system in two dime
sions is presented in Sec. II. In Secs. II A and II C, resp
tively, the geometricand boundary loop constructions are
presented, while in Sec. II B a discussion of our constr
tions is contrasted with what is usually given in the literatu
and the differences are commented on.

The analysis of the Georgi-Glashow model in three
mensions is presented in Sec. III. In Sec. III A theboundary
loop construction is presented. Thegeometricloop construc-
tion is presented in Sec. III B. Since the sphaleron solution
this model turns out to be effectively the solution of an Ab
lian Higgs model, a family of arbitrary vorticityN sphalerons
are constructed in Sec. III B. Section III C is devoted to
brief discussion of the magnetic and electric properties
this sphaleron and the configurations on the geometric lo
In Sec. IV, we give a summary of our results.

II. d52: SPHALERONS IN THE ABELIAN HIGGS
MODEL

Our objective in this section is to construct noncontra
ible loops between two topologically neighboring vac
which feature the sphaleron at the top of the energy bar
Our constructions run exactly parallel to those of Manton@4#
and Akiba et al. @25#, respectively. This differs from the
analysis of Bochkarev and Shaposhnikov@16# in that the
latter employ periodicity in the space variable to constr
the NCL.
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The SO(2) Abelian Higgs model ind52 spacetime di-
mensions is given by the Euclidean Lagrange density

L5
1

4
Fmn

2 1
1

2
uDmwu21

l0

32
~12uwu2!2, ~1!

with w5f11 if2, Dmw5]mw1 iAmw; i.e., we used the
identity SO(2)5U(1) to write the Higgs doubletf i as one
complex field.

Adding the inequalities

S Fmn2
Al0

4
emn~12uwu2! D 2

>0, uDmw2 i emnDnwu2>0,

~2!

the cross terms of the squares yield a lower bound for
Euclidean action,L>%, which becomes a topological lowe
bound; i.e.,% can be written as a total divergence,

%5]mVm , Vm5
1

4
emn~An1 iw* Dmw!, ~3!

if l051. Vm is the Chern-Simons form of this model.
consists of a gauge-dependent and a gauge-independen
which is a typical feature ofSO(d)-Higgs theories in even
spacetime dimensions@19#.

The topological lower bound~which can be generalized t
l0Þ1) ensures the stability of the instantons of the mod
the Abelian Higgs vortex, which can be found using the
dially symmetric ansatz

w5h~r !e2 iNu, Am5
a~r !2N

r
emnx̂n , ~4!

with r 25x0
21x1

25t21x2, and integrating the Euler
Lagrange equations of the resulting radial subsystem
grangian:

L05pH 1

r
a821r S h821

a2h2

r 2 D 1
l0

16
~12h2!2J . ~5!

The corresponding instanton solutions are self-dual provi
l051; then they saturate the inequalityL>]mVm and hence
are characterized by integer Chern-Simons number~also
called Chern-Pontryagin charge in the context of instan
physics!

NCS5
2

pE2`

`

dtE
2`

`

dx]mVm5
2

pER2
]mVmd2x

5
2

p
lim
r→`

E
S1

VmdSm . ~6!

This can be arrived at by subjecting the second Che
Pontryagin class of theSU(2) YM field on R23S2 to di-
mensional descent@19#.

The Chern-Simons number depends only on the beha
of the instanton at infinity, reflecting the topological prope
ties of the mapping:
5-2
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d DIMENSIONAL SO(d)-HIGGS MODELS WITH AN . . . PHYSICAL REVIEW D 60 125015
w inst
` :Sspacetime

1 →SHiggs
1 . ~7!

In contrast with the instanton, the sphaleron is a ‘‘static’’
object; i.e., it does not depend on the Euclidean time. No
theless, it is anEuclideanspacetime object closely related
the instanton as it is the extremum of the energy functio
of a set of static configurations connecting distinct vacua
topologically nontrivial way, i.e., anoncontractible loop.
The NCL, parametrized in terms of Euclidean time, is
instantonlike object and the loop as a whole has integer
pological number. The Chern-Simons numberNCS is also
parametrized in terms of the Euclidean time,

NCS~ t0!5
2

pE2`

t0
dtE

2`

`

dx]mVm ; ~8!

hence the loop can be parametrized in terms ofNCS, the
latter taking on all values between 0 and 1.

To construct and study the sphaleron, we start from
static energy which in the temporal gauge (A050, AªA1)
is given by

E@w,A#5E F1

2
u~]x1 iA !wu21

1

32
~12uwu2!2Gdx. ~9!

Choosing the particular ansatzw5fPR, A50, this reduces
to the well-known realw4 energy functional

Esph@f#5E F1

2
~f8!21

1

32
~12f2!2Gdx, ~10!

which is minimized by the kink-antikink solutions

f6~x!56tanhS x2x0

4 D . ~11!

The f4 kink on its own is a stable soliton, but it becom
unstable as soon as it is embedded in complex isosp
which can be shown explicitly by investigating the fluctu
tion spectrum@20#.

A. The geometrical loop construction

To show that (w,A)sph5(f6,0) are sphaleron configura
tions of the Abelian Higgs model, we construct the cor
sponding NCLs of finite energy configurations connect
two vacua through the sphaleron in a topologically nontriv
way.

Vacuaare static configurations with zero energy; i.e., th
are given byw5g, A5 ig21]xg with gPU(1). We use the
remaining gauge freedom of the theory to fix the vacuum
(w,A)vac5(1,0) and comment on the choice of gauge la
on.

Following the geometrical loop construction of Manto
@4#, we consider first the topological properties of the Hig
field at infinity. One-dimensional space at infinity shrinks
the discrete set (R)`5Sspace

0 5$61%. Hence one has to dis
tinguish two mappingsw1`, w2` instead of one mapping
w` which depends on continuous angular coordinates
12501
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higher space dimensions. To construct a geometrical N
@4#, we introduce a single loop parametertPSloop

1 as an
additional degree of freedom such that

w1`:Sloop
1 →SHiggs

1 ~12!

is a topologically nontrivial mapping which we choose to

w1`:t°e2i t, ~13!

whereasw2`[1 is chosen to be topologically trivial. Th
finite energy condition then also fixes the gauge field at
finity as the covariant space derivative in Eq.~9! has to van-
ish; hence,

A6`
ªA~r→6`!52 i ~w6`!21]xw

6`50. ~14!

The general Manton loop ansatz constructed using the
pological ingredientsw1`, A6` is now given by

w̄5@12h~x!#c1h~x!w1`, Ā5 f A6`50, ~15!

wherec has to be chosen such that the loop starts and e
in the vacuum and reaches the sphaleron fort5p/2; hence
w̄ut505w̄ut5p51, w̄ut5p/25hw1`ut5p/252h. In the
SO(2) model,

c5 cos2t1 i sint cost ~16!

is a convenient choice. Moreover,w̄(x→6`)5w6` re-
quiresh(x→6`)561. The loop is then given by

w̄~t,x!5ei t@cost1 ih~x!sint#, Ā[0. ~17!

Inserting the ansatz~17! into the static energy functional~9!
yields

E@w̄,Ā#5 Ēt@h#5 sin2 tE F1

2
~h8!21

1

32
sin2 t~12h2!2Gdx,

~18!

which for t5p/2 reduces to thew4 model, Ēt5p/25Esphal
5 1

3 .
For any fixed value oftP@0,p#, Ēt@h# is minimizedby

ht5tanhS sint
x2x0

4 D . ~19!

The energy along the resulting minimal energy loop is

Ē~t!5
1

3
sin3 t, ~20!

which has amaximumfor p/2. This minimax procedure
therefore shows that (w,A)sph5(f2,0) is a sphaleron of the
Abelian Higgs model. To construct the NCL for the kink
type sphaleron (w,A)sph5(f1,0), one simply has to use

w2`:t °e2i t ~21!

as the topologically nontrivial mapping.
5-3
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To calculate the increase of the Chern-Simons num
along the NCL, one has to treat the loop parameter a
~Euclidean! time-dependent quantityt5t(t) with t(t5
2`)50, t(t5`)5p. Inserting the loop ansatz~17! into
Eq. ~8!, one can split the double integral into a space ‘‘vo
ume’’ and a ‘‘surface’’ integral, resulting in

NCS~ t0!5
2

p H E
2`

`

V0u t52`
t5t0 dx1E

0

t0
V1ux52`

x51`dtJ
5

t~ t0!

p
1

1

2p
sin 2t~ t0!. ~22!

As expected, one findsNCS5 1
2 when the loop reaches th

sphaleron, whereas the entire loop hasNCS51.

B. Gauging and nonperiodic boundary conditions

The vacuum convention chosen above can be change
gauging the geometrical loop,

w̄°w̌5gw̄, Ā50°Ǎ5 ig* ]xg. ~23!

One could, e.g., requirew̌5gw̄→1 for x→2` and x→
1`, choosing the gauge@20#

g5e2 i tL(x), L~x!5
2

p
arctanS x

a D11 ~24!

(aÞ0 arbitrary!, which yields

A~x!5
2t

p

a

a21x2
.

Concerning itst dependence,g can be considered either as
set of static transformations parametrized byt and applied to
each corresponding static configuration along the loop se
rately or as one time-dependent gauge transformation app
to thet(t) time-dependent loop as a whole. In the latter ca
the temporal gauge condition is violated,A0[0° ṫL.

In both cases, one finds for the gauge-transformed Ch
Simons form V0°V01 1

4 tL8, V1°V12 1
4 ṫL. Inserting

this into Eq.~22!, we find explicitly that the Chern-Simon
number is gauge invariant; i.e., also the gauged Manton l
(w̌,Ǎ) starts at a vacuum withNCS(t50)50, reaches the
sphaleron atNCS(t5p/2)5 1

2 , and ends at a vacuum wit
NCS(t5p)51. This is not surprising, as%5]mVm is a
gauge-invariant quantity.

The main new feature of the gauged geometrical loop
the representation of the vacuum states between which
loop interpolates. Generalizing the gauged geometrical l
(w̌,Ǎ) to a larger range of the loop parametertPR, the loop
reaches a vacuum state for anyt5np, nPZ, now given by

w̌ (n)5S 2
a2 ix

a1 ix D n

, Ǎ(n)5
na

a21x2
. ~25!
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These vacua can be labeled by a ‘‘topological charge’’
fined as

Qª

2

pE V0dx ⇒ Qu(w̌(n),Ǎ(n))5
1

2pE Ǎ(n)dx5n.

~26!

In the literature@16,17# this is usually the only ‘‘topological
number’’ discussed in the context of theSO(2) Abelian
Higgs sphaleron. It should be stressed that it is different fr
the Chern-Simons number which is the proper quantity to
investigated in the context of the sphaleron NCL and
relation to the instanton. The topological charge used ab
to label the vacua makes use of the gauge-variant part o
Chern-Simons form. Only in even dimensions does
Chern-Simons form exhibit a gauge-variant part@19#. In
these dimensions one can distinguish between ‘‘small’’ a
‘‘large’’ gauge transformations, depending on whether th
leave the ‘‘topological charge’’~defined as the space volum
integral of the zero component of the Chern-Simons for!
invariant or not.

Another confusion about theSO(2) Abelian Higgs model
found in the literature@16,17# concerns the use of periodi
boundary conditions in the space coordinates for the ga
fields, i.e., ‘‘putting the fields on the circle’’ instead of usin
the nonperiodic vacuum structure~25! @20#. The sphaleron,
however, is definitely never a periodic object in space,
always thew4 kink, a contradiction which cannot be solve
by simpy taking the limit of infinite period.

The periodic solutions ofw4 theory @21# and Goldstone
theory @22# in one dimension can be more gainfully inte
preted as theperiodic instantons in Euclidean quantum m
chanics. These periodic solutions describe tunneling fro
thermally excited states, the temperature being given by
inverse period. At some value of the period, the perio
instantons reduce to the~time-independent! sphaleron which
in the case of Euclidean quantum mechanics is just a c
stant solution. This effect describes the phase transition
tween classical and quantum behavior which is presently
der intense investigation@23#. Since periodic instantons
~periodic in the Euclidean time, not in the spatial coordina!
are also known to exist in the Abelian Higgs model@24#, one
should be even more careful about the notion of periodic
in this model.

C. AKY boundary loop construction

A different technique for the construction of a NCL fo
the Abelian Higgs sphaleron is motivated by the ‘‘static
minimal energy path’’ construction by Akiba, Kikuchi, and
Yanagida~AKY ! @25# in the Weinberg-Salam theory. Thi
NCL is constructed by minimizing a general spherica
symmetric static ansatz with parameter-dependent boun
conditions, i.e., not the loop ansatz containing the loop
rameter, but the boundary conditions. We shall refer to t
type of construction as a ‘‘boundary loop.’’

The spherically symmetric AKY ansatz in one space
mension~in temporal gauge! is simple and only puts som
restriction on the symmetry properties of the parameter fu
tions,
5-4



-

ld

th
t

c
y
lti
r

he

is
op

ent

rs

n,
e

of

of
ize

rn-

rn-

d DIMENSIONAL SO(d)-HIGGS MODELS WITH AN . . . PHYSICAL REVIEW D 60 125015
w̃~x!5H~ uxu!1 i x̂K~ uxu!, Ã~x!5 f ~x!, ~27!

with x̂5sgn(x); i.e., H(x)5H(uxu) is an even andK(x)
5 x̂K(uxu) an odd function ofxPR. Under a gauge transfor
mationg5eiL(x), H andK are rotated,

H°H cosL2K sinL, K°K cosL1H sinL, ~28!

while f ° f 2L8; i.e., one can gaugef 50 without loss of
generality in the ansatz~27!.

Inserting the ansatz into the static energy functional yie

E@w̃,Ã#5 Ẽ@H,K#

5E F1

2
~H81K8!21

1

32
~12H22K2!2Gdx;

~29!

i.e., finite energy requires

H~x→`!5 cosq, K~x→`!5 sinq. ~30!

Extrema ofẼ@H,K# with these boundary conditions~andH
even,K odd! are found only forq50 or q5p, yielding the
vacua H561, K50, and for q5p/2 with H50, K(x)
5f1(x)5tanh(x/4) which is the sphaleron configuration.

The idea now is to construct a loop by increasing
boundary condition parameterq(t) as a time-dependen
quantity from q(t52`)50 to q(t5`)5p. Inserting the
ansatz in the Chern-Simons functional~22! and taking care
of the boundary conditions forH, K when evaluating
V1ux52`

x51` yields

NCS5
1

2pE ~KH82HK8!dx1
q

p
; ~31!

i.e., the sphaleron hasNCS5 1
2 . One can minimize the stati

energy functional~29! for fixed Chern-Simons number b
adding the Chern-Simons functional with a Lagrange mu
plier j to the static energy functional, leading to the Eule
Lagrange equations

H91jK81
1

8
H~12H22K2!50,

K92jH81
1

8
H~12H22K2!50, ~32!

which are solved with the above boundary conditions by

H~x!5 cosq, K~x!5sinq tanhS sinq

4
xD , j58 cosq.

~33!

The energy along this loop is found to be

Ẽ~q!5
1

3
sin3 q, ~34!
12501
s

e

-
-

and the Chern-Simons number along the AKY loop for t
Abelian Higgs model is

Ñcs~q!5
q

p
1

1

2p
sin 2q. ~35!

Therefore, the energy along the loop,Ẽ(Ñcs), agrees with
the result~20!,~22! for the geometrical NCL. Hence there
no advantage of a lower energy along the boundary lo
compared to the geometrical loop; both provide equival
‘‘static minimal energy paths’’@25#.

III. d53: SPHALERONS IN THE GEORGI-GLASHOW
MODEL

The model is described by theSO(3) taking its values
in the SU(2) algebra with anti-Hermitian generato
(2 i /2)(sm)5(2 i /2)sW and a Higgs triplet field (fm)5fW
which we write in anti-Hermitian isovector representatio
F5fW •@(2 i /2)sW #, in d53 spacetime dimensions. Th
model is given by the Euclidean Lagrangian

L5trF2
1

4
Fmn

2 2
1

2
~DmF!21

l

2 S F21
h2

2 D 2G ~36!

5
1

2 F1

4
FW mn

2 1
1

2
~DmfW !21

l

8
~fW 222h2!2G , ~37!

with Fmn5] [mAn]1@Am ,An#5FW mn•@(2 i /2)sW # and DmF

5]mF1@Am ,F#⇒DmfW 5]mfW 1fW `AW m , with m51,2,3.
From the second form of the Lagrangian@3# it is easy to

identify the particle spectrum of the theory which consists
photons, heavy charged bosons with massmW5A2h, and
scalar neutral Higgs particles with massmH5A2lh.

The model was previously exploited by Polyakov@3# to
calculate quark confinement effects, using a dilute gas
instantons. The instanton of the model is the finite s
spherically symmetric ’t Hooft–Polyakov monopole@15# in
three dimensions which is characterized by integer Che
Simons number

NCS5
1

A2ph
E ]mVmd3x with Vr5

1

4
ermn tr@FFmn#.

~38!

As the model is in an odd spacetime dimension, the Che
Simons formVm in this model, which is constructed from
the Bogomol’nyi inequality

tr@Fmn2emnrDrF#2.0⇒L.]mVm , ~39!

has no gauge-variant part@19#.
To discuss the sphalerons of the model@18#, we reduce

the Lagrangian~36! to the static Hamiltonian

H5trF2
1

4
Fi j

2 2
1

2
~DiF!21

l

2 S F21
h2

2 D 2G , ~40!

with i , j , . . . 51,2.
5-5
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A. Sphaleron and boundary loop construction

Motivated by the AKY technique in the Weinberg-Sala
model @25#, we try the general static spherically symmet
ansatz for the Higgs field to find the sphaleron and a co
sponding NCL simultaneously,

F5 i
h

A2
@H~r !s31K~r !x̂is i #, ~41!

with r 25x1
21x2

2.
The SO(2) gauge transformationF°gL

21FgL with

gL5 expH i

2
e i j x̂is jL~r !J ~42!

rotates the parameter functions,

H°H cosL2K sinL, K°K cosL1H sinL. ~43!

This motivates the choice of a spatial spherically symme
ansatz

Ai5
f A11

r
e ikx̂kS 2

i

2
s3D1

f B

r
e i j x̂ j S 2

i

2
x̂kskD

1
f C

r
x̂i S 2

i

2
eklx̂ks l D ~44!

for the gauge field which transforms to an ansatz of the sa
type underAi°gL

21AigL1gL
21]mgL, in particular,

f A° f A cosL2 f B sinL, f B° f B cosL1 f A sinL,

f C° f C2rL8. ~45!

The requirement of regularity at the origin implies

f A~0!521, f B~0!50, f C~0!50,

H~0!5const, K~0!50. ~46!

Also the gauge transformation has to be regular at the ori
L(0)50.

In this gauge, inserting the ansatz~41!,~44! reduces the
static Hamiltonian to the following radial subsystem Ham
tonian:

H̃052pH 1

4r F S f A82
f Bf C

r D 2

1S f B81
f Af C

r D G
1

h2

2 F r S H82
K f C

r D1r S K81
H f C

r D
1

1

r
~K f A2H f B!2G1

lh4

4
r ~12H22K2!2J .

~47!

The Euler-Lagrange equations are
12501
-

c

e

n,

F r S H82
K f C

r D G85 f CS K81
H f C

r D2
1

r
f B~K f A2H f B!

2lh2rH ~12H22K2!, ~48!

F r S K81
H f C

r D G852 f CS H82
K f C

r D1
1

r
f A~K f A2H f B!

2lh2rK ~12H22K2!, ~49!

F1

r S f A82
f Bf C

r D G85
1

r 2
f CS f B81

f Af C

r D
1

2h2

r
K~K f A2H f B!, ~50!

F1

r S f B81
f Bf C

r D G852
1

r 2
f CS f A82

f Bf C

r D
2

2h2

r
H~K f A2H f B!, ~51!

and

05 f AS f B81
f Bf C

r D2 f BS f A82
f Bf C

r D
12h2r 2FHS K81

H f C

r D2KS H82
K f C

r D G . ~52!

Note that the ansatz~41!,~44! being radially symmetric, Eqs
~48!–~52! are guaranteed consistent with the equations wh
are obtained by varying the original Hamiltonian~40! and
inserting the ansatz~41!,~44! afterwards. This is in contras
with the situation in the Weinberg-Salam model where
corresponding ansatz is not spherically symmetric and he
the consistency of the ansatz there must be checked.

As the fifth equation~52! is first order, it is obviously not
a dynamical equation, but a constraint on the system whic
related to a gauge transformation in the space of the par
eter functions (H,K, f A , f B , f C) @26#. This shows that this se
of parameter functions has one redundant degree of free
which is already clear from the fact that we kept the gau
freedom~42!,~43!,~45! in deriving the reduced Hamiltonian
~47!. Indeed, the gauge transformation generated by Eq.~52!
is equivalent to the transformations~43!,~45! derived from
the SO(3) gauge transformationgL of the original fields
(F,Ai) in Eq. ~42!.

The gauge transformation~43!,~45! can now be used to fix
f C[0 without loss of generality in the ansatz~41!. This
choice corresponds to ‘‘radial gauge’’x̂iAi50. In this
gauge, the Hamiltonian~47! simplifies to
5-6



m
o

-

n
a

a

th

o

n

o

our

n

ed

le
s.

r-
of

at

of

d DIMENSIONAL SO(d)-HIGGS MODELS WITH AN . . . PHYSICAL REVIEW D 60 125015
H052pH 1

4r
~ f A8

21 f B8
2!1

h2

2 F r ~H821K82!

1
1

r
~K f A2H f B!2G1

lh4

4
r ~12H22K2!2J .

~53!

For f B[0 andH[0 this reduces to the radial subsyste
Euclidean Lagrangian of the Abelian Higgs model in tw
spacetime dimensions~5! supporting the ~topologically
stable! Abelian Higgs vortex. The embedding of this two
dimensional SO(2)-Higgs vortex into theSO(3)-Higgs
theory as a static object in three spacetime dimensio
(F,Ai)sph, yields the sphaleron of the three-dimension
model.

It is interesting to remark that theSO(3) gauge field of
this sphaleron tends to one-half times a pure gauge at sp
infinity, r→`:

~Ai !sph;
1

r
e ikx̂kS 2

i

2
s3D5

1

2
gp

21] igp ,

gp5 expH i

2
e i j x̂is jpJ , ~54!

a property which theSO(3) Higgs sphalerons shares wi
the instanton of the same model@3#. This is not surprising if
we consider that sphalerons and instantons are related
jects.

Requiring finite energy

E5E Hd2x5E H0dr,` ~55!

fixes the behavior of the remaining parameter functio
(H,K, f A , f B) at spatial infinity to

H~r→`!5 cosq, f A~r→`!52a~q!cosq,

K~r→`!5 sinq, f B~r→`!52a~q!sinq, ~56!

with qP@0,p#.
The relation betweenq and a5a(q) can be determined

from a more careful analysis of the asymptotic behavior
the parameter functions (H,K, f A , f B), using the Euler-
Lagrange equations ofH0 which are

S f A8

r D 8
5

2h2

r
K~K f A2H f B!, ~57!

S f B8

r D 8
52

2h2

r
H~K f A2H f B!, ~58!

~rH 8!852
f B

r
f B~K f A2H f B!

2lh2rH ~12H22K2!, ~59!
12501
s,
l

tial

b-

s

f

~rK 8!85
f A

r
~K f A2H f B!2lh2rK ~12H22K2!. ~60!

Of course, these equations agree with Eqs.~48!–~51!, setting
f C50. The fifth equation~52! reduces to

f AS f B8

r D 2 f BS f A8

r D 12h2@H~rK 8!2K~rH 8!#50, ~61!

which turns out to be an integration constant of the other f
equations~57!–~60!.

The asymptotic analysis then fixesa(q)5 cosq, and one
obtains the following asymptotic behavior in the regio
mWr @1:

H~r !;1 cosq2dH cosq~mWr !21/2e2mHr

2dW cosq sinq~mWr !23/2e2mWr , ~62!

K~r !;1 sinq2dH sinq~mWr !21/2e2mHr

1dW cos2 q sinq~mWr !23/2e2mWr , ~63!

f A~r !;2 cos2 q1DW sinq~mWr !1/2e2mWr , ~64!

f B~r !;2 cosq sinq2DW cosq~mWr !1/2e2mWr ,
~65!

whereDW , dH , dW are constants which can be determin
numerically by solving Eqs.~57!–~60!. It is easy to check
thatmWr 5:r is the convenient dimensionless radial variab
in this model which is also used in all numerical calculation

Solving Eqs.~57!–~60! in the mWr !1 region yields

H~r !;cH1
1

4
cH~cH

2 21!•~mHr !2, ~66!

K~r !;cK~mWr !, ~67!

f A~r !;211cA~mWr !2, ~68!

f B~r !;cB~mWr !3, ~69!

with cA , cB , cK constants which again have to be dete
mined from the numerical integration of the equations
motion, andcH53cB /cK .

Solutions of Eqs.~57!–~60! can only be found for three
particular values ofq, qP@0,p#. First,q50 andq5p allow
the vacuum configurations H[61, K[0, f A[21, f B[0
with zero energy, resulting in the vacuum fields

~F,Ai !65S 6 i
h

A2
s3,0D . ~70!

Second forq5p/2 the behavior of the parameter functions
infinity, Eqs. ~62!–~65!, and at the origin, Eqs.~66!–~69!,
allow one to setf B[0 andH[0 such that theSO(2) sym-
metric Abelian Higgs vortex configuration is an element
5-7
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the subspace ofSO(3) Higgs configurations given by th
ansatz~41!,~44! and the boundary conditions~46!,~56! in the
radial f C[0 gauge. This is the sphaleron solution.

To construct a loop from the subspace ofSO(3) Higgs
configurations discussed above, we have to specify a
parameter subset (F̃,Ãi)q parametrized by the boundar
constantq. Three points of the loop are already fixed: t
initial and final vacua (F̃,Ãi)q50,p5(F,Ai)6 and the
sphaleron (F̃,Ãi)q5p/25(F,Ai)sph given by the paramete
functions (f A ,K)sph. We now have to fix the paramete
functions (H,K, f A , f B) for all remaining values ofq such
that q becomes the loop parameter.

Instead ofq, it is convenient to choose the Chern-Simo
number as the parameter along the loop. Therefore, we
calculate the Chern-Simons functional for the set of confi
rations~41!,~44! with boundary behavior~62!–~65! at infin-
ity and Eqs.~66!–~69! at the origin, treatingq5q(t) as a
time-dependent parameter such that a loop parametrizedq
starts at an initial vacuum withq(t52`)50 and ends at a
final vacuum withq(t51`)5p, whereas the sphaleron
reached at some timetsph, q(tsph)5p/2.

Inserting the ansatz~in radial gaugef C[0) into the
Chern-Simons number functional

NCS~ t0!5
1

A2ph H ER2
V0u t52`

t5t0 d2x

1E
2`

t0
dt lim

r→`
E

S1(r )
V idSiJ , ~71!

we obtain

NCS~q!52
1

2E ~H f A81K f B8 !dr1
1

2
~12 cosq!, ~72!

with q5q(t0). This yieldsNCS(q50)50 andNCS(q5p)
51; hence the Chern-Simons number increases by unity
tween the initial and final vacua. For the sphaleron, the s
face integral in Eq.~71! yields NCS(q5p/2)5 1

2 .
To complete the loop construction, we minimize the sta

energy~55! for a fixed value of the Chern-Simons numb
NCS. This is done by adding the integrand in Eq.~72!,

N05
1

2
~H f A81K f B8 !, ~73!

multiplied by a Lagrange multiplierj, to the reduced Hamil-
tonianH0 in Eq. ~53!, and minimizing

F0ªH01jN0 . ~74!

The corresponding Euler-Lagrange equations are

S f A8

r D 8
5

2h2

r
K~K f A2H f B!2jH8, ~75!

S f B8

r D 8
52

2h2

r
H~K f A2H f B!2jK8, ~76!
12501
ne

xt
-

y

e-
r-

c

~rH 8!852
f B

r
f ~K f A2H f B!2lh2rH ~12H22K2!

1
j

2h2
f A8 , ~77!

~rK 8!85
f A

r
~K f A2H f B!2lh2rK ~12H22K2!

1
j

2h2
f B8 . ~78!

The Lagrange multiplier changes the behavior of the so
tions at infinity to

H~r !;1 cosq2dH cosq~mWr !21/2e2AmH
2

2(j2/mW
2 )r

2jdW sinq~mWr !1/2e2AmW
2

2(j2/mW
2 )r , ~79!

K~r !;1 sinq2dH sinq~mWr !21/2e2AmH
2

2(j2/mW
2 )r

1jdW cosq~mWr !1/2e2AmW
2

2(j2/mW
2 )r , ~80!

f A~r !;2a~q!cosq

1jDH cosq~mWr !1/2e2AmH
2

2(j2/mW
2 )r

1DW sinq~mWr !1/2e2AmW
2

2(j2/mW
2 )r , ~81!

f B~r !;2a~q!sinq

1jDH sinq~mWr !1/2e2AmH
2

2(j2/mW
2 )r

2DW cosq~mWr !1/2e2AmW
2

2(j2/mW
2 )r , ~82!

and requiring that exponential decay restricts the range of
Lagrange multiplier to

uju,min$mW
2 ,mWmH%. ~83!

The asymptotic analysis no longer forcesa(q)5 cosq, and
a along the loop is known only for the vacua and the spha
ron, a(0)51, a(p)521, a(p/2)50. The general func-
tion a(q) has to be determined from the behavior of t
functions f A , f B at r→`.

We first consider the sphaleron and its boundary loop
l51 which happens to be a particularly simple case in
sense that the energy along the loop can be calculated
lytically. Choosing

f B[0, H[
j

2h2
~84!

simplifies Eqs.~75!–~78! to
5-8



e
s-

th

th

ulti-

we

the

d

e-

al

tic
-
or-
en-
rn-

l

d DIMENSIONAL SO(d)-HIGGS MODELS WITH AN . . . PHYSICAL REVIEW D 60 125015
S f A8

r D 8
5

2h2

r
K2f A , ~85!

K852
1

r
K f A , ~86!

f A85h2r S 12
j2

4h2
2K2D , ~87!

~rK 8!85
f A

2

r
K2h2rK S 12

j2

4h2
2K2D , ~88!

while the boundary conditions~46!,~56! for the remaining
functions f A , K become

K~0!50, K~r→`!56A12
j2

4h4
,

~89!

f A~0!521, f A~r→`!50,

as cosq5j/2h2 from the boundary condition onH[ j/2h2

at r→`.
It is easy to check that Eqs.~86! and ~87! are first inte-

grals of Eqs.~85! and~88!; hence a consistent solution of th
system~85!–~88! can be found by solving the first-order sy
tem ~86!,~87!.

Solutions of Eqs.~86!,~87! saturate the inequalities

1

4r F f A82h2r S 12
j2

4h2
2K2D G 2

>0,

h2

2
r FK82

1

r
K f AG2

>0. ~90!

The cross terms of the squares yield a lower bound for
Hamiltonian~53! for l51 and f B[0, H[j/2h2:

H0ul51,f B[0,H[j/2h252pH 1

4r
f A8

21
h2

2 F rK 821
1

r
~K f A!2G

1
h4

4
r S 12

j2

4h4
2K2D 2J ~91!

>ph2
d

dr H f AS 12
j2

4h4
2K2D J .

~92!

The resulting Hamiltonian~92! is exactly of the same form
as the one-dimensional reduced Lagrangian~5! of the Abe-
lian Higgs model, which becomes obvious by replacing
12501
e

e

functions (a,h) by ( f A ,K) formally, and by replacing 1 by
12j2/4h4 in the potential. Solutions to this system@which
saturate the bounds~90!# are known numerically.

Exploiting the boundary behavior~89! of these solutions,
one can find their energy depending on the Lagrange m
plier j from the saturated lower bound~92!,

E5E H0ul51,f B[0,H[j/2h2dr5ph2S 12
j2

4h4D . ~93!

Also the integral in the Chern-Simons number~72! depends
only on the boundary values for this particular loop, and
obtain

NCS5
1

2 S 12
j

2h2D , ~94!

resulting in an analytic expression for the energy along
boundary loop,

E~NCS!54ph2NCS~12NCS!. ~95!

As a result the slopes ofE(NCS) at the beginning and the en
of the loop are

]E~NCS!

]NCS
U
NCS50

54ph2,
]E~NCS!

]NCS
U
NCS51

524ph2.

~96!

For coupling constantsl.1, the full set of equations
~75!–~78! has to be solved numerically, usingr5A2hr as
rescaled dimensionless radial variable and eliminatingq
from the boundary conditions at infinity. In practice we r
placed the boundary conditions~56! which also involve the
unknown functiona(q) by

H21K2 →
r→`

1,

K f A1H f B →
r→`

0,

H f A81K f B8 →
r→`

0,

f A8 →
r→`

0, ~97!

and solved Eqs.~75!–~78! for a given value ofj, identifying
q and a(q) from the asymptotic behavior of the numeric
solutions afterwards.

The energyE and Chern-Simons numberNCS can be
computed for these solutions. This finally yields a ‘‘sta
minimal energy loop’’ connecting two topologically neigh
boring vacua through the sphaleron configuration which c
responds to the vortex of the Abelian Higgs model. The
ergy along the loop which can be parametrized by the Che
Simons number,E(NCS), is shown in Fig. 1, for severa
5-9
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FIG. 1. The energy along the boundary loo
E(NCS), for l51.0,1.2,1.6,2.0,3.0,4.0. Th
straight lines show the slopes of the energy cur
at the vacuaNCS50,1.
,
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eron
values of the ratiomH
2 /mW

2 5l.1. In this parameter region
the Lagrange multiplier is restricted touju,jc52h2.
E(NCS) approaches the vacuaE50 for j→72h2 with
slopes

]E~NCS!

]NCS
U
NCS50,1

564ph2 ~98!

independently ofl, because the slope of the energy cur
approaching the vacua is given by62pjc @25#.

The symmetryE(NCS)5E(12NCS) is related to the in-
variance ofH0 andF0 in Eqs. ~53!,~74! under the transfor-
mation

H°2H, f A° f A ,

K°K, f B°2 f B , ~99!

which requires

q°p2q, a~p2q!5a~q!. ~100!

It is easy to check that this transformation yields

NCS°12NCS, ~101!

while the energy is invariant, yielding the symmetry of t
energy along the boundary loop mentioned above.

The boundary loop of theSO(3)-Higgs model we con-
structed is different from the original AKY construction i
the Weinberg-Salam model@25#. The Weinberg-Salam
sphaleron has a pure gauge connection at infinity. This
lowed a boundary loop construction@25# where all gauge
fields along the loop tend to a pure gauge; in particu
gauge and Higgs fields at infinity could be constructed a
gauge transformation of the initial vacuum configuration,
12501
l-

r,
a
-

ing the gauge transformation which rotates the param
fields and allows one to gaugef C[0. This gauge transfor-
mationgL , Eq. ~42!, also exists in theSO(3)-Higgs bound-
ary loop construction, but it cannot be used to construct
loop configurations at infinity from the initial vacuum. I
fact, applying gL5q to the initial vacuum (F̃,Ãi)q50
5(F,Ai)1 yields the correct behavior of the Higgs field, b
not of the gauge field along the loop at spatial infinity,

~F̃,Ãi !q50

5S i
h

A2
s3,0D °

gq S i
h

A2
~cosqs31 sinqx̂is i !,

12 cosq

r
e ikx̂kS 2

i

2
s3D2

sinq

r
e i j x̂ j S 2

i

2
x̂kskD D ,

~102!

as one can see by comparing with the Higgs and gauge fi
along the loop at spatial infinity, i.e.,

~F̃,Ãi !q ;
r→`S i

h

A2
~cosqs31 sinqx̂is i !,

3
12a~q!cosq

r
e ikx̂kS 2

i

2
s3D

2
a~q!sinq

r
e i j x̂ j S 2

i

2
x̂kskD D . ~103!

This is due to the fact that the sphaleron, which has to b
loop configuration, is one-half times a pure gauge at infin
in accordance with the corresponding behavior of the inst
ton.

We expect that this is a general feature of models wh
support both instantons and sphalerons, i.e., the sphal
5-10



ich

or

o
th
ric

is

ng
ian

a

at
it

e

ds

he

d

-
the

ong

d DIMENSIONAL SO(d)-HIGGS MODELS WITH AN . . . PHYSICAL REVIEW D 60 125015
behaves like the instanton at spatial infinity, a fact wh
must be reflected in the boundary loop construction.

B. General vorticity sphalerons and geometrical loop
construction

In general, the Abelian Higgs vortex has vorticity
winding numberNPN. So far, we considered onlyN51 for
theSO(3) sphaleron, but the generalization to sphalerons
arbitrary integer vorticity can easily be achieved. We use
generalization in our presentation of the second geomet
loop construction.

The starting point of the geometrical loop construction
the sphaleron ansatz which we generalize to vorticityN, re-
placing the spatial unit vectorx̂ by n̂5(cosNf,sinNf) in
the ansatz,

F5 i
h

A2
h~r !n̂is i , Ai5

N

r
f ~r !e ikx̂kS 2

i

2
s3D ,

~104!

where we useh(r ) and f (r ) as parameter functions@4#. In-
serting the ansatz into the Hamiltonian~40! yields the radial
subsystem Hamiltonian

Hsph52pH 1

4

N2

r
f 821

h2

2 F rh821
N2

r
h2~12 f !2G

1
lh4

4
r ~12h2!2J . ~105!

Finite energy and regularity at the origin require

f ~r→`!51, h~r→`!51, f ~0!50, h~0!50,
~106!

and the solutions are equivalent to the vorticityN Abelian
Higgs vortices as expected.

The geometrical loop construction starts from requiri
finite energy; hence the potential term in the Hamilton
~40! forces uFu5h ⇒ FPSHiggs

2 at spatial infinity (R2)`

5Sspace
1 , described by the angular coordinatef. Therefore

we consider the Higgs field forr→` and add a single loop
parametertPSloop

1 to construct a nontrivial mapping,

F`:Sspace
1 3Sloop

1 →SHiggs
2 . ~107!

A simple choice for this mapping with vorticityN is

F`5 i
h

A2
pW •sW , pW 5S sint cosNf

sin2 t sinNf1 cos2 t

sint cost~sinNf21!
D .

~108!

This fixes also the gauge field at infinity since the cov
riant derivative in the Hamiltonian~40! has to vanish, requir-
ing
12501
f
is
al

-

Ai
`
ªAi~r→`!52

1

2h2
@F`,] iF

`#. ~109!

According to the results of Sec. III A, the gauge field
infinity along the loop is not a pure gauge; in particular,
tends to half a pure gauge forr→` for the sphaleron,t
5p/2.

For t50 andt5p, the loop has to start and end in th
vacuum which for convenience@4# we choose to be

~F,Ai !vac5S i
h

A2
s2,0D , ~110!

in contrast to the choice of vacua in Sec. III A. This yiel
the geometrical NCL ansatz

~F̄,Āi !t5S i
h

A2
$@12h~r !# tW1h~r !pW %,

2
1

2h2
f ~r !Ai

`D with tW5S 0

cos2 t

2 sint cost
D .

~111!

The boundary conditions~106! then ensure

~F̄,Āi !t →
r→`

~F`,Ai
`!, ~112!

and tW is chosen such that

~F̄,Āi !t505~F̄,Āi !t5p5~F̄,Āi !vac . ~113!

One can also check thatF2 is a radial function ofr only
which is necessary for the consistency of the ansatz.

Inserting the loop ansatz~111! into the static Hamiltonian
~40! yields

Ht52p sin3 tH 1

4

N2

r
f 821

h2

2 F rh821
N2

r

3@h2 f ~h sin2 t1 cos2 t!#2G1
lh4

4
sin2 tr ~12h2!2J .

~114!

For t5p/2, this geometrical loop ansatz reduces to t
sphaleron ansatz~104!, and of courseHt5p/25Hsph,
whereasHt50505Ht5p for the vacua at the beginning an
the end of the loop.

Ht can be minimized numerically for any valuet
P@0,p#, yielding again a ‘‘static minimal energy path’’ con
necting two neighboring vacua through the sphaleron,
energy along the loop beingE(t)5*Htdr.

One can also calculate the Chern-Simons number al
the NCL, treatingt5t(t) as time dependent witht(2`)
5-11
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FIG. 2. The energy along the geometric
loop, E(NCS), with vorticity N51 and l
51.0,1.2,1.6,2.0,3.0,4.0, and the energy alo
the boundary loop forN51, l51.0.
-

in
be

-
eo

op
qual.

of

so-
re

n

e-
’t
50, t(`)5p. For the Manton loop ansatz~111!, both the
volume and the surface integrals in Eq.~71! contribute, re-
sulting in

NCS~t!5
N

2
cost sin2 tE f 8~12h!dr1

N

2
~12 cost!.

~115!

For the sphaleront5p/2, only the surface integral contrib
utes toNCS5N/2, whereas the loop as a whole hasNCS
5N. The vorticityN sphaleron therefore is the saddle po
of a loop connecting to vacua with Chern-Simons num
differenceN.

The ‘‘static minimal energy path’’ of theSO(3) gauge
Higgs sphaleron in the geometrical construction,E(NCS), is
shown in Fig. 2 with vorticityN51 and several values ofl.
Comparing thel51 geometrical loop with the correspond
ing boundary loop, we find that the energy along the g
12501
t
r

-

metrical loop is lower than that along the boundary lo
except at the sphaleron and the vacua where they are e
This result holds also forl.1.

Figure 3 shows the geometrical loop for several values
the vorticity.

C. Magnetic and electric properties of Georgi-Glashow
sphalerons

Since the effective equations governing the sphaleron
lution of the three-dimensional Georgi-Glashow model a
those of the Abelian Higgs vortex with vorticityN ~hence
also magnetic charge!, we might expect that the sphalero
itself may carry magnetic charge.

The electromagnetic field strength of the thre
dimensional Georgi-Glashow model is the well-known
Hooft electromagnetic tensor@15,18#
al
FIG. 3. The energy along the geometric
loop, E(NCS/N)/N, with l51.0 and vorticityN
51,2,3,4,5.
5-12
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Fmnª2
tr@FFmn#

A2tr@F2#
5

fW •FW mn

ufW u
. ~116!

Inserting the sphaleron configuration~104! into Eq. ~116!
yields Fmn[0; therefore the sphaleron itself carries neith
magnetic nor electric charge. The situation is different if
consider the complete NCL as the configuration depend
on the time parameter. For example, along the boundary
presented in Sec. III A withq5q(t) we have nonvanishing
electric and magnetic fields,

B5F1252
1

r

H f A81K f B8

AH21K2
, ~117!

Ei5F0i52e i j

x̂ j

r

H ḟ A1K ḟ B

AH21K2
. ~118!

It follows, by symmetry, that the electric charge of the NC

Qeª lim
r→`

E
S(r )

EW •dSW , ~119!

is always zero, whereas the NCL configurations may acq
magnetic charge

QmªE Bd2x ~120!

at some values of the time parameter. Clearly, the magn
charge of the sphaleron and the initial and final vacua van
according to the values that the functionsf A , f B ,K, and H
take for these configurations. The same conclusion is arr
at also by inspecting the magnetic flux of the vorticityN
configuration calculated in terms of the geometric loop
rametert:

Qm5 sin2 t costNE
0

`

~12h! f 8dr, ~121!

which vanishes at the sphaleron,t5p/2, and the vacuat
50 andt5p.

One might think at this point that there is no reason w
there should be no nonvanishing electric flux if the tempo
gauge conditionA050 were relaxed in the spirit of the Julia
Zee dyon@27#. In the A0Þ0 one can solve the full Euler
Lagrange equations in Minkowski space, of

LM5trF2
1

4
FmnFmn1

1

2
DmFDmF2lS f21

h2

2 D 2G ,
~122!

in the static limit using the radially symmetric restriction
the fields according to the ansatz
12501
r

nt
p

,

re

tic
h

d

-

y
l

F5 i
h

A2
h~r !x̂is i ,

A05 i
h

A2
g~r !x̂is i , Ai5

f ~r !

r
e i j x̂ j S 2

i

2
s3D .

~123!

To find solutions that lead to nonvanishing electric fluxQe ,
the solution must have the following asymptotic behavior

g~r !;dg1A2phQe ln r , mWr @1, ~124!

wheredg is a constant. The asymptotic analysis of the eq
tions, not exhibited here, indeed confirms the behavior~124!.
These equations have been integrated in@18# numerically.

However, this static electrically charged solution cann
be called a sphaleron since the logarithmic behavior ofg(r )
~which is a consequence of lnr being the fundamental solu
tion of the Laplace operator in two dimensions! destroys the
integrability of the static Hamiltonian; i.e., this electrical
charged classical configuration does not have finite ene
rendering it useless as a pseudoparticle in quantum fi
theory. Technically, this is related to the well-known fa
that the energy integral of point charges in two-dimensio
electrodynamics is divergent.

IV. SUMMARY AND DISCUSSION

We have analyzed the first two in the hierarchy
SO(d)-gaugedd-dimensional Higgs models where the Higg
fields are in thed-dimensional vector representation
SO(d). In d52 and 3 these are the familiar Abelian Higg
model and the Georgi-Glashow model, respectively. The r
son for having chosen these models is that they both sup
topologically stable finite action solutions which we interpr
as the instantons, and they are expected to support spha
solutions in the static limit, which we find indeed to be th
case. Thus we have analyzed the first two Higgs model
this hierarchy, which support both instantons and sphaler
This is the main criterion of the work, and our motivation
for it are explained in the Introduction. Our analysis poin
the way to tackling thed54 case@12# which is of some
definite physical relevance in as far as it promises a Coulo
instanton gas@13#, but which is considerably more comple

Since the instantons of these two models are well-kno
solutions, namely, the Nielsen-Oleson vortices@14# and the
’t Hooft-Polyakov monopole@15#, the analysis of this pape
is restricted to the study of the sphalerons of these mode

Indeed, the sphalerons of the Abelian Higgs model ha
been studied extensively in the literature@16,17,20#, but we
give our own version here. The reason for this is first so t
the construction of the sphalerons of both models sho
proceed in the same lines, especially since one of criteri
to map the way to carry this analysis to thed54 case. Sec-
ond, our construction of the sphaleron of the Abelian Hig
model follows exactly the same procedure as those use
the corresponding work for the Weinberg-Salam mod
5-13



on
g

rg

r
th
e

xi
bl
e
t

in

on
rg
ve
th
a

be
th
o

n
he

a
ia

on
o
y
s
ld

tio
d
cu

ns
at
o-

lue
n
en-
e to

mi-
the
ier-

ture
f

ual
. In
on-
all
se
th

er
ron
the

en
nd
ns
th
on

ce,

ce
l-

ful

B. KLEIHAUS, D. H. TCHRAKIAN, AND F. ZIMMERSCHIED PHYSICAL REVIEW D60 125015
namely, that of constructing a NCL carried out by Mant
@4#, and also that of constructing the path of finite ener
configurations carried out by Akibaet al. @25#. This contrasts
with the presentation in the literature@16,17,20# where the
procedure is quite different from the case of the Weinbe
Salam model @4,5,25#, in particular imposing periodic
boundary conditions@16# unnecessarily. This part of ou
work is presented in Sec. II, where we have given both
construction of the sphaleron, namely, that of Klinkham
and Manton@4,5# and that of Akibaet al. @25#. In addition,
we have made a contrast of our procedures with those e
ing in the literature. Our procedure here, making it possi
to formulate this problem in complete parallel to th
Weinberg-Salam case, is made possible by our use of
systematically derived@19# Chern-Pontryagin density used
calculating the Chern-Simons number.

In the larger part of this work we have presented the c
struction of the sphaleron in the three-dimensional Geo
Glashow model. This is the work in Sec. III. Again we ha
presented the construction of the sphaleron in both
Klinkhamer-Manton@4,5# procedure and the one of Akib
et al. @25#. It is very interesting that in the former case@4,5#,
we find that the sphaleron is a solution to the effective A
lian Higgs model in two spatial dimensions, embedded in
SO(3) model. In that case we have constructed a family
sphalerons characterized by a vortex numberN, availing our-
selves of the fact that radially symmetric fields in two dime
sions have integer vorticity. We have also inquired whet
this sphaleron has magnetic flux related to its vorticityN and
have found that the sphaleron itself, as well as the vacu
falls between, have zero magnetic flux, but that intermed
field configurations do have nonvanishing magnetic flux. W
have also verified that by relaxing the temporal gauge,
can find solutions to the static field equations leading t
nonvanishing electric flux@18#, but in that case the energ
diverges logarithmically and hence there is no sphaleron
lution that can be gainfully employed in semiclassical fie
theory. In addition to this, we have pursued the construc
in the procedure of Akibaet al. @25# and have constructe
the finite energy path interpolating between the two va
-

l.
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with the sphaleron at the top of this path with Chern-Simo
number equal to1

2 . An interesting circumstance here is th
when the coupling constant of the Higgs self-interaction p
tential in the Georgi-Glashow model takes the critical va
for which the ~static! embedded Abelian Higgs model ca
saturate the corresponding Bogomol’nyi bound, the finite
ergy path can be constructed analytically without recours
numerical computations.

Our analysis of these two models has clarified the si
larities and differences between the sphalerons of
Weinberg-Salam model and those of the models in our h
archy ofSO(d)-Higgs models. In this respect, thed53 case
is the most enlightening. We have learned that the struc
of the geometric loop@4,5# behaves very much like that o
the Weinberg-Salam model, and that the boundary loop@25#
also behaves similarly in spite of the fact that the act
boundary conditions are quite different in the two cases
the process, we have given a unified treatment for the c
struction of energy loops interpolating between vacua for
models, bringing the treatment of the Abelian Higgs ca
into line with the others. This we have done employing bo
types of energy loops, geometrical@4# and boundary@25#,
from which we have learned that the geometric loop is low
than the boundary loop everywhere except at the sphale
and the vacua where they are equal. Presumably this is
case also for the Weinberg-Salam model.

As a final remark we emphasize the similarity betwe
the boundary loop construction for the Winberg-Salam a
the Georgi-Glashow models—in both of them the functio
f B andH are excited on the boundary loop. In addition bo
theories tend to sigma models in the limit of the Higgs bos
masses becoming infinit. With these two similarities in pla
it seems that there may well be bisphalerons@28,29# in the
static three-dimensional Georgi-Glashow model.
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